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Talk outline

* A few words on motivation
* A few words on Gaudin model in general

* SO(3) Gaudin model with boundary
* Preliminaries (r-matrix, Lax operator)
* Nontrivial “boundary” conditions
* Gaudin Hamiltonians
* General boundary -> special vacuum
* Solving ABA

* Knizhnik-Zamolodchikov equations
* Norm and scalar product formulas



Motivation?

*So few problems that we can exactly solve
» Any such is precious
»The more general, the better

» Expected to provide insights to realistic
problems

»Gaudin model - integrable, with long range
Interactions



Gaudin model

* Introduced as a “quasi-classical” expansion of the spin-chain models,
for example:

A+n 0 O 0
0 A 0
RO\ = Al +1nP = !
0 n X 0
0 0 A+ “Classical”
Yang-Baxter ' Yang-Baxter
1R(A\) = 1 — nr()\)<— Classical quasi-classical
\ . r-matrix parameter
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[r13(X), ro3()] + [ri2(A — ), ri3(A) +r3()] =0



Gaudin model - independent approach

* Classical r-matrix:
732(A3, A2),7113(A1,A3)] + [r12(A1,A2),713(A1,A3) +723(A2, A3)] = 0
* Lax operator satisfies:
[Lo(A), Lo (n)] = [rogr (A, 1), Lo(A)] = [rono (1, A), Lo (1)]

* Then, if we define generating function:
T(A) = trg L5(A)

* It will commute for different values of “spectral parameters”:
[T(A), T(p)] =0



So what?

* For a given r-matrix, we can ﬁnd “Iocal” realization of Lax operator that acts in a
multiparticle Hilbert space % = © v,

m=1

e Generating function, or its derivatives (residues) can take form of Hamiltonians
with nontrivial interactions

* Solving eigenproblem of the generating function t(A) provides all relevant
information about system (energies, Hamiltonian eigenstates, integrals of
motion)

* There is an efficient way to solve 7(A) eigenproblem, know as Algebraic Bethe
Ansatz (ABA)

* Gaudin model exhibits long-range interactions



Rational so(3) Gaudin model

* We start from the classical r-matrix:

g .8 [ (0 10 0 —1 0 1 0 0

= s 10 1).s'=21 0 —1].8=[0 0 o
r12 — C _J— s C —_— s C -

) 2 \/E _

A 01 0 0 1 0 arbitrafy —!

“inhomogeneous”
parameters

* |t corresponds to Lax operator:

1, e
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e where spin operators Sy, a=+,—,3 livein 4= ® V,, = (C**1)@N

m=1

and satisfy: [Sﬁ” S:::t - :I:SJ,:,E Omn, [5:;”5:: ] = 25}3:; Omn

* Tightly related to rational SO(3) Heisenberg spin-chain model. Lax operator there has

form: ? 2,72 )
Loy, (A) = Mg ¢ T ((3 g\ _
Om( ) I+ A 80 Sm+ A(A+17) ((80 Sm) IL)



Rational so(3) Gaudin model

e |t holds: r13(A), ra3(p)] + [r12(A — p), r13(A) + ra3(p)] =0, rn(—A) = —ri(A)
[L]{AJILE{J{{)] = [F’lzli..f]'l. = III},LI(_HHI..) + Lz(lh‘}]
| R
* So that, if we define: 7 (1) = EtrL‘"(i)

* it will commute for different values of the spectral parameter:
[T(A), ()] =0

* [t will also commute with its residue, that has the form of a Hamiltonian:

] o o N SnSm
Res T(A) = 4 H,y, m= )
A=dm n?gm X — Kp long-range

interaction



Introducing nontrivial “boundary”

* Name comes from the relation to the boundary terms of a spin-chain

* Model can be generalized by a K matrix satisfying “reflection equation”:
ri2(h — W) Ki1(A) Ka2(p) + Ki(A)r21(h + p)Ka(p) =
= K2(p)riz(h + ) K1 (A) + Ko() Ky (M)r21 (A — ).

e SO(3) solutions can be obtained using “fusion procedure”:

(£ —vh)? —2U LE —vh) Y22
K= —V2¢rE —vi) E24 (e —vH A2 —V2YrE +vh)
\ s —V291(E +v)) (£ 4+v1)° }

* Commonly, we fix some of the parameters to zero, to have ground state for
algebraic Bethe ansatz

* This time we do better!



Nontrivial “boundary”

* Now, we can define more general:
roo (A, 1) = roo (A — 1) — Ko (1)roor (A + 1)Ky (1)
Lo(A) = Lo(A) — Ko(A)Lo(=A)K;1(A)
* that again satisfy:
[52(A3, A2),113(A1, As)] + [T (A1, A2), 13(A1, A3) + 133(A2, A3)] = 0
[Lo(A), Lo ()] = [y (A1), LoA)| = [, A), Loy ()]
* so we define more general generating fuction
t(A) =tro £5(A) W [t(A), T(w)] =0



Gaudin Hamiltonians

* We take residues of generating function: ]otrng-ragge
ERE'.S T(A) = 4 Hy, interaction
A=lm

* Result has a form of “tunable” many-particle interacting Hamiltonjian-like operators:

By solving eigenproblem of
H,, = (%) ,x]jiﬁ'-,fm =& generating function we also find - % (p* (S;1° + ¢* (S,)*
energies and H. eigenstates!
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Algebraic Bethe Ansatz

* Writing: £o(A) = Lo(A)

 from: [Lo(A), Ly(p)] =

* we obtain;

[E(A),E(u)] = (P +1v2)A2

(g‘f’l"ﬁl) A E(III)) ’
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Wise change of basis

* Define new operators:
E(A) = 3 " \/ﬁ (sszm -~ (¢=¢+2v (v —\/$p9 + vz)) F(A) +2y (v —\/$p9 + 1,2) H (A))
F(A) = qu\/ﬁ (—IPEE(;’L) + (IP{;J +2v (v +\/po+ vz)) F(A) -2y (v +\/ 99 +v2) H(A))

! (YE(A) + @F(A) +2vH(A))

AW
* Now: [E(A), E(p)] = [F(A
2 "

A2 — u? (

F(p)] = [H(A), H(u)] =0,

), !
g—;vlpii:ﬁ £(A) — 15(;:)) ,

H(

\), E(p)]
- 2 C+ Ao + 12
H), W) = 37— FIC—F}!J%E (A) —w(y)),
'— ) 2 ) 2
V) EG)] = gy (1 EEAVIOEY g3y p STEVIREY o)
A2 —u C— U\ P +v? C+ AP +v

F(,



Local realization
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Yacuum” eigenstate

* Generating function is:
T(A) = trg ES(PL]

;. and St =10

Q=1 ®@---Quwy €H

*since &0 Q=0 HA) Qi = p(h) Oy = x0(M) Q4

But it is not!!!

Unless we reduce generality and set y=0 ??2...



New (general) vacuum state

e Define:

gffz
Wy = —V2y (”"'V 1/,90+L]2) eC?*=vV, Q=01 R---QuwyeH
('-’“W!fww)z)h

" () — ;2
* 50O that: (2 (U_ fljf,w“},LJ) S3 4y St Vo +2v(v—+/ Yo+ v) -S'm) —

)
7, ¢3 + = — )
(-_LJ.Sm + S, + (pSm) wm =24/ Ve +v°wpy.

* i.e. so that now really:

N

2"'\
E(A) Ly =0 and HA) QLy=p) 2y with pr)= E — ~ B
AL — o
m=1 m
. . . . . E 4+ We+vIA pM) .
T(M) Q4 = xoM) Q4 with  xo(h) = p*(A) + - —p (1)

E2— (Yo +1vH)A2 A



To get rid of “unwanted terms” we impose Bethe equations:

(Vo +vH)p;

ppj) + —
B — (e + D)

* \We sho
* General solution can be written as:

Oy (pers oy ooy jim) =F R () -+ - F(um) 24,

* since:

T(M)Pp(per, 2,y i) = XM(?t,jil, 2y ooy pim) Py, oy ooy fiy)

+§: 4 E— iV +v?
e i A

xq}M(lauls---wﬁja--'sﬂM)j

M

(Vo +vH)u; 21
2 _ 2y,,2 _Z 2 _ 2
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* eigenvalues:

M 2 M
45 (Yo +vo)A A
— % —E A - :
A, [t P3s000s piar) = Xolk) < kz_“? (p( )+$2—(v’f§0+”2)}°2 ;;)"2_“.%)




Action of Gaudin
Hamiltonians

e Full off-shell action:

M An T 4. 2
S CVA L e
Hy @p(pr pis - - - im) = Emmt Pra(pir, pio - - i) + 3 5> ' = X
|I=1 .L'me. - |“{ 5 — ﬂi;” q}{P —|— 1<

2 g+2v (V4+/ P4+
(Yo v &2 ) “2(v+ Vpg +13)S) -y + sy

2 N

32— (yo+vu  (Zm — 1

X

X (P(.H_;) +

pd (I)PL‘I—I(.IHJ ‘g .ﬁf’ - ;JIUL‘I) ’

* energies:

Em,m = Res xp (A, u1, u2, ..., )
A=l m
N M
&2 4oty 4oty
= (&2 / P =D + Z T Z =
(E T (Ir’“p + | )O{H’I) Um !I#m am a” j:l am — 1“'1



Knizhnik-Zamolodchikov equations

e We want to find W(a.as..... ay) such that:

K aﬂ'mqj{&l‘gz'""&j\'r)zHﬂ'; Lp(ﬂ"l.&’: ..... {}'h.r)

* Must take: £ =0
e Seek solutions in form:

W(ay, az, . a'x)—jgjﬁ 36 Y(Z:@) Oy (7 @) dperdpa---duy
* where: K00, Y = Enm Y,

KaﬂjY — 5M(l/‘j) b 4

M
| 21z
Bm(pj)=—2 P(HJ']—f—g 3—”;3



We find
""‘”‘”wa'“% T(F:3) B (

dHM

) dperdpa -

13
12

Wiay, an, ..

Where:

N
b
n=m

F ( T

N
B
m=1



Also, neat formulas for...

..norms (on-shell): (s 2 22
m dpudpnr Tt dpop
~ 2 : : :
| Pp 1y 2, ... uar)|” = det : 5 : By (=0
3%s 3%s a’s :
\ dpLprdpe dpepgdpn o w ) Bag (e pg)=0
...scalar products (off-shell):
(@p(t, 2,y im)y Prur(vi,va, ..., vp)) = 4M Z det M
TESM
-
. . P(j) — vo(jy p(Ve(j)) Py + Vo (k)
Mjf' - 2 2 il Z 2 oy . 2 )
5 tels k2 i~ HD Wy = Vo)

; L
P Vo )

f}‘i{ﬂi —_
g SEE 2 2 2 2
(HJ,’ e #k}{”{;{j} s ”ﬂm})

for jok=1.2 . .M.



To summarize...

* We solved ABA for rational so(3) Gaudin model with fully
general nontrivial boundary conditions (thanks to nontrivial
choice of vacuum)

* Found solutions for Knizhnik-Zamolodchikov equations

* Presented closed-form formulas for (on-shell) norms and
(off-shell) scalar products of Bethe vectors.



Thank you.



