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1 Introduction

e QG theory definition:
Let M =X x [0,t], then a QG theory is a map

(M. g.9) = (M.g,9)
such that M C M, and there is a well-defined evolution operator U (t) given by
W (1)) = U()¥x(0).
e In canonical LQG and ASQG M=M ; in string theory Misa loop super-manifold.

e In addition, one should be able to construct the semi-classical states |Usx 4 (£))

such that r i 1
<\I/E,p07QO (t)‘ (j “IJZ,po,tIO (t)> = CIO(t) _1 +0 (S()(to))_ ’
and [ h ]
(Vs po.go O] 21 ¥s 00,00 () = po(t) _1 +0 (So(to)>_ )
where

So(t) = /Ot dt (podo — H(po, qo. 7))

is the classical action for a classical solution (po(t),qo(t)), and ¢, is a timescale of
the problem considered.

e Problems of well-known candidate QG theories

1) U(t) not well-defined (non-renormalizability of GR + SM; in ASQG U(t) is
assumed to exists; in CDT calculations can be done only by a computer and there
are no analytical expressions)

2) semiclassical states not known (problem in LQG)

3) qo(t) # g{crrsM) (t) (problem of string theory, also in spin-foam approaches)

e PFQG (piecewise flat quantum gravity)

1) M = T(M) and the number of DOF is finite (N edge lengths and matter fields
values at n vertices of T(M)). Consequently U(t) can be defined, since the path
integral is a finite-dimensional Riemann integral, which can be made convergent by
an appropriate choice of the integration measure [3, 5].

2) The correct semi-classical limit can be obtained when N is large and edge lengths
are small, with an appropriate choice of the PI measure [1, 3]. In this case T'(M) =~
M and one can use (GR + SM) QFT with a cutoff h/L, where L is the average
edge length (fluid dynamics approximation).



2 GR path integral in PFQG

e Let M be a smooth 4-dimensional manifold and let T'(M) be a PL (piecewise linear)
manifold corresponding to a regular triangulation of M (the dual one simplex is a
connected 5-valent graph). Let

M:Mlu(EX[>|_|M2,

where

8M1:8M2:2

X0

Figure 1: Topology of a PFQG closed spacetime manifold

e When Y is a non-compact manifold, we maintain a finite DOF by allowing non-zero
L. only for a triangulation of a 3-ball in ¥ times an interval [0, ¢], which is glued to
two 4-balls in M; and M,

o Let {Le € Ty(M)} be a set of the edge lengths such that L? € R, i.e. L. € Ry
(spacelike edge) or L. € iR, (timelike edge).

e A metric on T'(M), which is flat in each 4-simplex o of T'(M), is given by

GMV(U) = Lg,u, + L(Q)l/ - L2

[

where the five vertices of ¢ are labeled as 0,1,2,3,4 and u,v = 1,2,3,4 (Cayley-
Menger metric).

e The CM metric is not dimensionless and hence it is not diffeomorphic to
(o) = diag(—1,1,1,1).
This can be corrected by using a dimensionless PL metric

G (o)

) = ]
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Figure 2: Topology of a PFQG non-compact spatial manifold

e The Einstein-Hilbert (EH) action on M is given by

Spy — /M,/\detgm(g) Az,

where R(g) is the scalar curvature associated to a metric g. On T'(M) the EH action
becomes the Regge action

Sr(L) =Y Aa(L)da(L),

AET(M)

when the edge lengths correspond to a Eucledean PL geometry. An is the area of a
triangle A, while the deficit angle dA is given by

on =21 — 3 09,

oDA

where a dihedral angle QXT) is defined as the angle between the 4-vector normals
associated to the two tetrahedrons that share the triangle A.

e In the case of a Lorentzian geometry, a dihedral angle can take complex values, so
that it is necessary to modify the Regge action formula such that the Regge action
takes only the real values.

e This can be seen from the formula

& T 3u ]

where v, = Vi > 0, if the CM determinant is positive, while v, = iV if the CM
determinant is negative. Consequently, sin QXT) € R or sin 8&7) € iR. This implies
that the Regge action will give a complex number when the spacelike triangles are
present.



One can modify the Regge action as
Sl e| S Aag (5A(s + D Aaw dap)
A(s) A(t)

where A(s) denotes a spacelike triangle, while A(t) denotes a timelike triangle, so
that it is always real and corresponds to the Einstein-Hilbert action on T'(M).

Consequently

/HdL (L eSR( )/l2

where dL. = d|L.| and u(L) is a mesure that ensures the finiteness and gives the
effective action with a correct semiclassical expansion, see [1, 3]. The integration
region D is a subset of Rﬂ\: , consistent with a choice of spacelike and timelike edges.

Z(T(M)) is convergent for the measure

N L2\ 7"
u(L) = eI T (1 + ) : (1)
0

e=1
where p > 1/2, see [3].

The bound p > 1/2 can be easily derived from the requirement of the absolute
convergence

N N 00 |L |2 -p
|Z|§/HdLeu(L)<H/ dL. <1+ ‘ )
D1 =170 lO

Note that the convergence can be also obtained without the e="4/ Ly factor in the

measure, but the exponential factor is necessary in order to obtain the correct
classical limit of the effective action, because when L, — 0o, we need

0”log (L)

ar.oL, ~

see [1, 3, 4].



3 PFQG with the SM matter

e When the SM matter is added, we have

Sm:SH+SYM+Sf+Sy:/Md4x\/§(£H+EYM+£f+£y) ,

where
1 1
Ly = §D”¢TDM¢ —N(oTop — @22, Lyy = - Tr (F*™F,,) ,
48 ~
Lr=" ey Ae. Aeqthy, (Ia(d +iw + igoA)) 1y,
k=1
Ly =Y Yu(beho), Dud= (9, +i(904))0,
k.l
and

goA = go1 A1 + g2 Az + gosAs € Lie alg (U(1) x SU(2) x SU(3)) .

e On T (M) we have )
Sy = Z Vo(L) sux + Z Vi(L)sup,

where 7 € To(M),

- o f Ty ) — o
sk = g (Wqﬁ() + iQOAM<7T0)¢7r0> (W + igOAy(ﬂ-O)wao)
| Loyl | Lov|

and

2
sup =N} (¢ (1)o(r) — ¢F) .
e The fermion action on T'(M) is given by

Sp =2 V(L) sy + 3 V(L) svuy,

where
Sp = Z e Baye(p) 1/_% () 17 (| Le| iwe (L) hr (") + hp (") — abr (7)),
SYMf = ;W@ 9oy (m) Ap(m) i () ,
and ]
V() = eb(m)y",  ehlm) = > ehlo).

Ne (7'(') o, TET

e The Yukawa action on T'(M) is given by
Sy :ZV:(L)S}/,

where

sy = Y Vi (U (m)ty(m)o(m)) .
kol
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e Therefore the gravity plus matter path integral will be given by
7 = / AN L (L) 57 /% 7, (1)
D

where

:/ ]d"6n (iSm(®,L)/R
Do o

and @ is a collection of matter fields ¢, and n is the number of vertices in 7'(M).

e Since the convergence of Z,, is not guaranteed, we pass to a Eucledean geometry
defined by the edge lengths .
Le=|L,

so that all the Eucledean edge lengths are positive real numbers. This is equvalent
to a Wick rotation where L, = L. if € is a spacelike edge and L. = (—i)Le, if € is a
timelike edge.

e Then we will consider the integral
_ / Hdn¢a e—gm(é,i)/h
D ’

where S, is the Euclidian matter action. Since S*m(cI), i) is a positive function of ¢,
and ) 3
S (P, L) — 400, for |p,] = +00,

then the integral Z,, will be convergent. Hence we will define

Zm(L) = Zm(L)

L=w(L)’
where w is the Wick rotation.

e In the case of the SM on T'(M) it is useful to write the action as

S =284 S5,+ S+ 55,

where
Si = () + (P A) + ri(Ye)
So = rH{(Ar ' 4 goA%)?)
Sy = r*e(r™" + goAc))
Sy = r{(¢r" + goAe)?) + ANr*((¢” — 05)%) -

The bracket (XY ---) represents a sum

> T (O)XaY

a, ...

and (r,) are the spherical coordinates for a vector L.



e After integrating the fermions and the ghosts, it can be shown that
| Z(L)| < 7" F,(0),

where

d =3¢t —c; =3¢y —2|G| —4=260,

and

Fn(e) = /DX Df 6_8(9’E7X)Aferm(€a X)Aghost(g) )

see [5]. The new variables are given by £ = rA and x = r¢, while s(6, &, x) is the YM
action plus the kinetic part of the Higgs action. Ay, is the fermionic determinat
and Agpo is the ghost determinant.

e Consequently
2] < [ @ Lp(L)\Zn(D)] < [ dLu(L)r " F(0).

so that ~
12| < / pN=1Hen g / Tn(0) (7, 8) Fo(8)dN 14
0 Q

By using the asymptotic properties of pu(r,8) for small and large r, we obtain
R / o ,
|Z| < Ol/ re n+N_1dT‘ + 02/ re n+N—1—2deT ‘
0 R

e Hence we can guarantee the absolute convergence of the PFQG path integral if

dn+ N(1-2p) <0,

so that
d _ N
2p—1 " n’
e For a regular triangulation we have
N _ Ny _5
s -
n — Ny = 2

so that if ¢/(2p — 1) < 5/2, then the absolute convergence bound will be satisfied,
which gives
p>525.



4 The effective action

e In QFT the EA can be determined from the EA equation

F[f”qﬁ]/h:/DhDgoexp (h g+ h, ¢+ — h/ ( 5F)h($)+5;(2)90(3:)> \/§d4x>.

e On T'(M) the EA equation becomes
oT(L®)/h _ /D(L le/ Ao (L + 1) e iS(LA1,P+p) /h—i 3 TL(L,®@)le/h—i Y Tl (L,®) Yor/h

where ¢ is the number of components of the matter fields (¢ = ¢f + ¢cgp + ¢ =
96 4 24 + 52 = 172 for the SM) and

S(L,®) = G—NSR( )+ S (L, ).

e The EA equation will be only defined if the gravity plus matter path integral is
finite, which is the case for p > 52,5. This is a consequence of

| Zin (L )| < Zim(L),

where

L J Hdn¢ m(<1> L +zJ<I>]/h

D "
e If I' is not a real solution of the EA equation, then

I' - Rel'+ImT.

4.1 The smooth-manifold approximation
e Let N — oo and |L| = O(1/N) in T(X x I), such that
G (x) = gu (o), ¢a(r) = Po(v) for z € 0 and v = dual vertex € o,

where g,,(z) is a smooth metric on 3 x I and ¢,(z) is a smooth matter field on
> x I. Then

I'(L,®) ~ T'glguw(z),0(z)], zeXxI,
where ' is the QFT effective action for the cutoff K = 27/L and L is the average
edge length in T'(X x I).

e Consequence of a theorem that a PL function Fourier expansion on an interval N L
can be approximated by a Fourirer integral with a cutoff K = 27 /L for N large.

e We also have

+ Ty (L, ®) + (3 To(L, ) + 14 T5(L, @) + - - -,

no %
iISV Sm )
N m(gwﬁ) e EH(Q); (9.9) +T%(9,0) + h T (g,0) + KT (g,0) + -+,

for |L.| > lp and small ¢, where F%) is an n-loop QFT effective action for GR
coupled to matter, while ', is a coefficient of the perturbative solution in /% = GxF,
see [2].



e Note that L > [p still allows for |L.| to be microscopically small, so that the
smooth-manifold approximation is still valid. For example, the distance probed in
the LHC experiments is of the order of 1072°m, while /p ~ 1073*m.

e One can also add the cosmological constant (CC) term to the Regge action, so that
Sr(L) — Sgr(L) + AVy(L) .
Then the condition for the semi-classical expansion of the EA, |L¢| > lp and Ly >
lp, is substituted by
|Le| >>lP7 L0>> \/ lPLC7
where |A.| = 1/L? [2].

e One can then show that the observed value of the CC belongs to the spectrum of
the CC in PFQG, provided that the path integral for gravity 4+ matter is finite, see
[2, 4]. Since the PI is finite for p > 52,5 then the proof given in [4] is now complete.
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5 Conclusions

e PFQG defined by the PI measure (1) is the first example of a simple and mathe-
matically complete theory of quantum gravity with the SM matter.

e One can construct the Hartle-Hawking states via the PFQG path integral for the
manifold

Figure 3: Topology of the Hartle-Hawking manifold

e The Vilenkin states can be constructed from the path integral for the PL manifold
T(X x [0,t]), by taking the limit L. — 0 and ¢, — 0 on the initial surface T'(X).

¥ [0, 1]

- ——— oy
.- -~

Figure 4: Topology of the QM propagator manifold.

e The EA can be associated to a quantum state via Fig. 5, see [6].

e Physics of PFQG = dynamics of the effective action.
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t=0 xlt

Figure 5: Topology of the effective action manifold
e Perturbative EA = long edge-length (L. > [p) expansion ~ QFT with a cutoff
hK < Ep.
e New physics ~ non-perturbative EA (L, ~ lp).
e Non-perturbative EA =~ short edge-length expansion of the EA

I'(L,®) ~ 3 Rt o (P)IM LR o LN
k1+ko+-+kn>0
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