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Ricci-Flat Mirror Hypersurfaces

The Story so Far…

Fusing Fugue

Meromorphic March

Mirror Minuet

New? Toric Spaces

2

* “It doesn’t matter what it’s called, 
…if it has substance.” 

                                    — S.-T. Yau

Playbill



How?
What-Where-Why?

Complete Intersection:  X=(∩i {fi(z)=0}) ⊂ A

Constrained subspace:  𝔛i ={fi(z)=0} ⊂ A

Functions: 𝒪X(d) ∋ ϕX(z)≃[ ϕA(z) (mod fi(z)) ]
Calculus: —“adjunction theorem”T*X (d) ∋ dzX ≃[ dzA (mod dfi(z)) ]
Transversality: {∧i dfi ≠0} ∩ {fi =0} ⊄ A

Anomaly-free:    ddimXzX
!= 𝒪X(0) ⇔ deg[ddimAzA]=deg[dKfi]

Massless fields:  , also  Hp,q(X) = Hq(X, ∧pT*X ) Hq(X, End TX)
“Gauge” (for “gauge” (for…)) equivalence classes

Bott-Borel-Weil:    ℙn = U(n+1)
U(n)×U(1)

3

generated by the 
defining system

nice “ambient space” 
= ∏i ℙ

ni, ℙni⃗w , toric…

  ϕa1⋯
b1⋯

(zX) ∼ U(n+1) tensor expressions⇒
& Eastwood

worldsheet SCFT ground-states compactification

 : vacuaRμν− 1
2 gμνR = 0 ⟺ Rμν =0=Tμν

32 nd! B-day
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(zX) ∼ U(n+1) tensor expressions⇒
& Eastwood

worldsheet SCFT ground-states compactification

 : vacuaRμν− 1
2 gμνR = 0 ⟺ Rμν =0=Tμν

A picture is worth a thousand equations

𝔛1 ={f1(z) = 0}

𝔛2 ={f2(z) = 0}

X def= 𝔛1∩𝔛2

= {f1(z) = 0 = f2(z)}

32 nd! B-day
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“Gauge” (for “gauge” (for…)) equivalence classes

Bott-Borel-Weil:    ℙn = U(n+1)
U(n)×U(1)

3

generated by the 
defining system

+ Macaulay2, SAGE, Magma,...  (new tricks/old dogs…)

nice “ambient space” 
= ∏i ℙ

ni, ℙni⃗w , toric…
Tian-Yau:  

Also:  

{Fano}c∖{CY}c = {CY}nc
{𝒦*Xc

} = {CY}nc

  ϕa1⋯
b1⋯

(zX) ∼ U(n+1) tensor expressions⇒

  sequel: “old dogs strike back” & ML/NN-mertics→

& Eastwood

worldsheet SCFT ground-states compactification

 : vacuaRμν− 1
2 gμνR = 0 ⟺ Rμν =0=Tμν

32 nd! B-day



🧐

Constructing CY  Some “Nice” Ambient Space⊂
How Hard Can it Be?

Reduce to 0 dimensions:  ℙ4[5] → ℙ3[4] → ℙ2[3] → ℙ1[2]

4

👍

🤗
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The Story so Far…
Classical Constructions

  dim. space of Kähler classesb2 =2=h1,1

  dim. space of cpx structures1
2 b3−1=86=h2,1

  the Euler #−168=χ =2(h1,1−h2,1)

[arXiv:1606.07420]

smooth  modelsℝ

E.g: 

ℙ4

ℙ1

deg = [1
m]

deg = [ 4
2−m]Xm



,  ?!3 ⇒ deg[q]=( 4
−1)
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The Story so Far…
Classical Constructions

  dim. space of Kähler classesb2 =2=h1,1

  dim. space of cpx structures1
2 b3−1=86=h2,1

q(x, y) ?∼
q0(x)

y0
+ q1(x)

y1

  the Euler #−168=χ =2(h1,1−h2,1)

[arXiv:1606.07420]

symplectic
special?smooth  modelsℝ

E.g: 

Zero-set of  ,  ,  &  ,   p(x, y)=0 deg[p]=(1
m) q(x, y)=0 deg[q]=( 4

2−m)
Generic  smooth;    ⇒ {p=0}∩{q=0} degℙn[p]+degℙn[q]=n+1 c1 =0

Sequentially:  Xm
q=0 (Fm

p=0 ℙ4×ℙ1)
Chern:    for    and  c = (1+J1)5(1+J2)2

(1+J1+mJ2) (1+4J1+(2−m)J2)
Fm Xm

Then:   = diffeomorphism invariantsC(c)
4−k[(aJ1+bJ2)k]=g(c)

k (4b+ma)
e.g.,  ,  but also  ,  …∫

Fm
c1c2[(aJ1+bJ2)]= ∫

Xm
c2[(aJ1+bJ2)] ∫

Fm
c2[(aJ1+bJ2)2]

So,    &  :   4 diffeomorphism typesFm ≈ℝ Fm (mod 4) Xm ≈ℝ Xm (mod 4)

…so,  m=0, 1, 2 😱



Wu-Yang 
monopole

Why Haven’t We Thought of This Before?

   holomorphic sections?!deg[q]=( 4
−1)

Not everywhere on  — (simple poles)ℙ4×ℙ1

but yes on   —  of ’em! F(4)
3 ⊂ℙ4×ℙ1 ⩾105

How?
[Hirzebruch, 1951]⇒  p=x0y 3

0 +x1y 3
1

So,	   where  q0 =q(x, y) + λ c(x)
(y0y1)2 p(x, y) λ→−1=== c(x)(−2 x1y1

y02 ) y0 ≠0

&		   where    q1 =q(x, y) + λ c(x)
(y0y1)2 p(x, y) λ→1=== c(x)(2

x0y0

y12 ) y1 ≠0

&   q1(x, y)−q0(x, y)=2 c(x)
(y0y1)2 p(x, y)

[GvG, 1708.00517] scheme-th. “generalized complete intersections”

6

[AAGGL:1507.03235 + BH:1606.07420]
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,  on  =0 F3 :={p(x, y)=0}

for m=3

[+ GvG:1708.00517]

&     q=c(x)( x0y0

y12
− x1y1

y02 ) deg[c]=(3
0)

Reverse-engineered: Mayer-Vietoris sequence & “patching” of the two charts

On  ,   ← equivalence class!F(4)
3 q(x, y)≃q(x, y) +λ⋅p(x, y)

The Story so Far…



Fusing Fugue

For   {x0y m
0 +x1y m

1 = −
n

∑
a=2

m−1

∑
ℓ=1

ϵa,ℓ xa y m−ℓ
0 y ℓ

1 } = F(n)
m;ϵ ∈[ℙn

ℙ1
1
m]

The central (  ) member of the family is a Hirzebruch scroll   :ϵ=0 Fm

Directrix:   𝔰(x, y) :=( x0

y1m
− x1

y0m ) + λ
(y0y1)m

[x0y m
0 +x1y m

1 ]

On  :   ⇒ ,  @ F(n)
m p(x, y; 0)=x0y m

0 +x1y m
1 =0 x0 = −x1(y1/y0)m y0 ≠0

So,    &  x1 →X1 =𝔰(x, y) (Xi, i=2,⋯)=(x2,⋯, xn; y0, y1)

Key:  det [∂(p(x, y), 𝔰(x, y), x2, ⋯; y0, y1)
∂(x0, x1, x2, ⋯; y0, y1) ] = const.

 bi-degree →  toric -action:ℙ4×ℙ1 (ℂ×)2

And the rest of the -deformation family? 
(where smooth models are all diffeomorphic to each other)

ϵa,ℓ

0 0

even  is transverse,   is smoothp(x, y; 0) p−1(0)

7

…in well-tempered counterpoint

X1 X2 X3 X4 X5 X6

1 1 1 1 0 0 ←ℙ4

−m 0 0 0 1 1 ←ℙ1

where ⌫i<��
?
X are the vertices of �?

X , i.e., the 1-cone generators of ⌃X , with N -lattice co-prime coordi-

nates specifying the Cox variables Xi, and M is the lattice dual to N . This yields

H
0(F (2)

m ,K
⇤) 3 X1X2

�
c
1
0X3

2 + c
1
1X3X4 + c

1
2X4

2
�

+X1
2
�
c
0
0X3

m+2 + c
0
1X3

m+1
X4 + · · ·+ c

0
m+1X3X4

m+1 + c
0
m+2X4

m+2
�
, (2.19)

exactly matching the n=2 case of (2.16) after renaming the variables as in (2.12b) and having simplified,

e.g., c10(X2) = c
1
0X2 and c

0
0(X2) = c

0
0, so the coefficients cn�k�1

i
in (2.19) are plain constants. These regular

polynomials indeed all have an overall factor of X1$s(x, y), and so fully agree with (2.16).

The “tuning” of q(x, y;�) in (2.16) to (2.1) builds the moduli space of generalized complete intersec-

tions such as (2.15) over the deformation space (even if discrete) of the general type ambient spaces such

as (2.1). While we defer a detailed study of this hierarchy, let us consider a few examples.

2.5 Discrete Deformations

Consider the Hirzebruch scroll F (3)

5;0={x0 y0
5+x1 y1

5} 2
h
P3 1
P1 5

i
, with its unique degree-

� 1
�5

�
directrix, s(x, y);

X1 X2 X3 X4 X5

⌃
F

(3
)

5

�1 1 0 0 �5

�1 0 1 0 �5

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2 �5 0 0 1 1

⌫1

⌫2

⌫3

⌫4
�?

F
(3)
(5,0,0)

⌫5

⌫1

⌫2⌫3

⌫4

⌫5

Figure 1: The toric specification of F (3)

5 (left) and its spanning polytope (middle and right)

see (2.11). The reparametrization (2.12a) leads to the toric rendition in Figure 1, its spanning polytope,

�
?
F

(3)

(5,0,0)
, depicted to the right of the tabulation from two vantage points for clarity. It is non-convex at the

saddle-point, ⌫1. The horizontal polygon spans the fan of the fibre-P2 and �
P3

i=1Q
2(Xi)=5 is the total

twist in this P2-bundle over P1.

A Simple Deformation: Consider deforming the n=3, m=5 central case (2.1) in the
h
P3 1
P1 5

i
deformation

family, which corresponds to the toric specification of F (3)

5 in Figure 1:

p1(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
4
y0
1
.

(2.20a)

It admits two algebraically independent directrices:

� 1
�4

�
: s1,1(x, y) =

x0 y0

y
5
1

+
x2

y
4
1

�
x1

y
4
0

(mod p1),
(2.20b)

� 1
�1

�
: s1,2(x, y) =

x0

y1
�

x2

y0
�

x1 y
4
1

y
5
0

(mod p1).
(2.20c)

As above, the reparametrization

(x0, x1, x2, · · ·;
y0, y1) ! (p1, s1,1, s1,2, · ·

·; y0, y1), det
⇥@(p1, s1,1, s1,2, · · ·; y0,

y1)

@(x0, x1, x2, · · ·;
y0, y1)

⇤
= 4 (2.21)

7

not convexREM*

*Reverse-Engineered (Toric) Model

⏟:=p(x, y; 0)

🤫

degree ( 1−m)

  is smooth p −1
0 (0) ∩ 𝔰−1(0)

dp0(x, y)∧d𝔰(x, y)≠0

[BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139] 
+more



THE exceptional curve  in [S]2 = −1 F(2)
28

…with a meandering motif

  
 
 
 
 
 
 

E.g.: 
 
 

finds  ; ,  .𝔰(x, y)=( x0

y12
− x1

y02 ) mod(x0y 2
0 +x1y 2

1 ) deg=( 1
−2) [𝔰−1(0)]=[J1]−2[J2]

where the number of exceptional contributions is, using the step-function #
b
a :={1 if a6b, 0 otherwise}:

�(n)

m;0 = #
m
1 (n�1)(m�1), for F

(n)

m,0 = {x0 y
m
0 +x1 y

m
1 =0} 2

h
Pn 1
P1 m

i
, (2.7b)

�(n)

m;✏ 6=0 < �(n)

m;0; for generic cases, �(n)

m;✏ 6=0 = 0. (2.7c)

As there always exist more local reparametrizations than local deformations of the complex structure,
dimH

0(F (n)
m , T )> dimH

1(F (n)
m , T ), the scrolls F

(n)
m are effectively rigid: their space of complex structure

deformations modulo reparametrizations is discrete [2].

This “jumping” (2.7) in the dimensions of H⇤(F (n)
m;✏, T ) depending on the concrete choice of the defin-

ing equation (2.1)–(2.2) again illustrates the variability of complex manifolds provided by even a simple
deformation family such as

h
Pn 1
P1 m

i
. Even the simplest (F (2)

2  F
(2)

0 , see [22] and [19, § 3.1.2]) of such
discrete deformations has been known to affect superstring applications [23,24]. Another, phenomenolog-
ically relevant effect of such discrete deformations was explored in [25–27].

The Directrix: The homology class of the directrix is easy to represent as [Sm] = [J1]�[mJ2], so indeed

[Sm]n =


Pn 1 1 · · · 1
P1

m �m · · · �m

�
= m+ n(�m) = �(n�1)m. (2.8)

An irreducible holomorphic submanifold representative of [Sm] must be the zero-locus of a degree-
�

1
�m

�

global holomorphic section. No such section exist on A=Pn
⇥P1, but there does exist a unique such section

on F
(n)
m =F

(n)

m;0 and is easily constructed following the techniques introduced in [1, 2, 4]. To highlight
the novelty and more general uses of this explicit construction, we adapt from [2]: They key point is
to identify sections s(x, y) on the zero-locus {p~✏ =0} ⇢ A with the restriction of the equivalence class of
sections1, [s(x, y) (mod p~✏ )], on all of A. For example, a total degree-

�
1

�m

�
multiple of p0(x, y) is of the form

p0(x, y)

(y0 y1)m
=

⇣
x0

y1
m

+
x1

y0
m

⌘
, deg =

�
1

�m

�
, (2.9)

which serves the r0+r1=2m case of the more general:

Construction 2.1 Given a degree-( 1
m) hypersurface {p~✏ (x, y)0} ⇢ Pn

⇥P1
as in (2.2), construct

deg =
�

1
m�r0�r1

�
: s~✏ (x, y;�) := Flip

y0

h 1

y0
r0 y1

r1
p~✏ (x, y)

i
(mod p~✏ (x, y)),

progressively decreasing r0+r1=2m, 2m�1, · · · , and keeping only Laurent polynomials con-

taining both y0- and y1-denominators but no y0, y1-mixed ones. The “Flipyi” operator changes

the relative sign of the rational monomials with yi-denominators. For algebraically indepen-

dent such sections, restrict to a subset with maximally negative degrees that are not overall

(y0, y1)-multiples of each other.

In particular, the r0=r1=m and p0(x, y)= lim~✏!0 p~✏ (x, y) case produces the degree-
�

1
�m

�
directrix:

s(x, y)=s0(x, y)=
h⇣

x0

y1
m

�
x1

y0
m

⌘
+

�

(y0 y1)m
p0(x, y)

i
=

⇢
+2 x0

y1m
if y1 6= 0, � = +1,

�2 x1
y0m

if y0 6= 0, � = �1.
(2.10)

Designed to generalize this patch-wise feature, the mod-p~✏ equivalence class of sections has a well-defined
and holomorphic local representative everywhere on A. Since the difference s~✏ (x, y;�)�s~✏ (x, y;�

0) van-
ishes where p~✏ (x, y)=0, the two local representatives such as (2.10) define a single well-defined holomor-
phic sections (2.1) on the zero-locus F (n)

m;~✏ :={p~✏ (x, y)=0}. Moreover, @s0=
�

1
y1m

,�
1

y0m
, . . .

�
cannot vanish

1In physics, gauge potentials are a prime example, being defined only up to gauge transformations: Aµ'Aµ+@µ�. This
enables the Wu-Yang construction of a magnetic monopole [28].
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‡

⇤Department of Physics, University of New Hampshire, Durham, NH 03824, USA
†Theoretical Physics Department, CERN, CH-1211 Geneve, Switzerland

‡Department of Physics & Astronomy, Howard University, Washington, DC 20059, USA
per.berglund@unh.edu and thubsch@howard.edu

ABSTRACT

The same space of interest may well be constructed in a variety of ways, each construction
affording a different toolset for their detailed analysis. It then behooves us to take advan-
tage of this diversity, as we showcase by precisely identifying Hirzebruch hypersurfaces in
Pn⇥P1 with their toric counterparts. This precise isomorphism is then used to investigate
some of their special divisors of interest, and in particular their Calabi-Yau hypersurfaces.

�
x0y0

m+x1y1
m

| {z }
:=p(x,y;0)

= �
X

↵

✏↵�p↵(x, y)
 
= F (n)

m;✏ 2

Pn 1
P1 m

�

Topical plan: The original construction of mirror models [1–4] generalizes straightforwardly within the toric framework [5–
11]; see also [12,13]. It also provides for a straightforward generation of so-called “multiple mirror models”

1. Recall the fact that
P

i xi
5 and

P
i x[i mod 5]+1xi

4 are each other’s deformation, inducing a relation between their
mirrors. [some early paper by Philip et al.]

2. Given the pair (�?
F

(n)
m ,�F

(n)
m ),

(a) Chisel (reduce) �F
(n)
m to a 0-enclosing simplex in various possible ways, to construct multiple mirror models.

(b) Specify the fractional transformation [14,15] for all m.

(c) Showcase the A-discriminants [16,17] and verify that they are the same — up to a variable change.

(d) Explore if the Kähler structure A-discriminants exhibit the mirror multiple-ness and re-parametrization.

3. Do a different example, one where both (�
?
X and �X) admit different chiseling reduction.

1

⋅ y1, ⋅ y0

m=2

Fusing Fugue

THE exceptional section

  is smooth p −1
0 (0) ∩ 𝔰−1(0)

dp0(x, y)∧d𝔰(x, y)≠0

[BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139] 
+more
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Deform:   
Now:   &    

&  

Deform:   
Now:   &    

&  

… and   
→ toric  

p1(x, y)=x0y05+x1y15+x2y04y1
𝔰1,1(x, y)=

x0y0

y15
+ x2

y14
− x1

y14
𝔰1,2(x, y)=

x0

y1
− x2

y0
− x1y14

y05

det [∂(p1, 𝔰1,1, 𝔰1,2, x3, ⋯; y0, y1)

∂(x0, x1, x2, x3, ⋯; y0, y1) ] = const.

p2(x, y)=x0y05+x1y15+x2y03y12

𝔰2,1(x, y)=
x0y02

y15
+ x2

y13
− x1

y13
𝔰2,2(x, y)=

x0

y12
− x2

y02
− x1y13

y05

det [∂(p2, 𝔰2,1, 𝔰2,2, x3, ⋯; y0, y1)

∂(x0, x1, x2, x3, ⋯; y0, y1) ] = const.

p3(x, y)=x0y05+x1y15+x2y03y12+x3y02y13

F(n)
(2,2,1,⋯)

toric  F(n)
(4,1,0,…)

again has a constant Jacobian, and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;3

�1 1 0 0 �3
�1 0 1 0 �4

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�4 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
non-convex

rectangle

F (3)

(4,1,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.22)

where the Cox variables are X1=s1,1, X2=s1,2, X3=x3, X4=y0 and X5=y1.

Another Simple Deformation: Another simple deformation within the
h
P3 1
P1 5

i
deformation family,

(15) : p2(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 (2.23a)

admits two algebraically independent directrices:

�
1

�3

�
: s2,1(x, y) =

x0 y
2
0

y
5
1

+
x2

y
3
1

�
x1

y
3
0

(mod p2), (2.23b)

�
1

�2

�
: s2,2(x, y) =

x0

y
2
1

�
x2

y
2
0

�
x1y

3
1

y
5
0

(mod p2). (2.23c)

As above, the reparametrization

(x0, x1, x2, · · ·; y0, y1) ! (p2, s2,1, s2,2, · · ·; y0, y1), det
⇥@(p2, s2,1, s2,2, · · ·; y0, y1)
@(x0, x1, x2, · · ·; y0, y1)

⇤
= 4 (2.24)

again has a constant Jacobian and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;2

�1 1 0 0 �1
�1 0 1 0 �3

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�3 �2 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

F (3)

(3,2,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.25)

where the Cox variables are X1=s2,1, X2=s2,2, X3=x3, X4=y0 and X5=y1.

A Double Deformation: Consider a further, P1-symmetrizing deformation of (2.23a):

deg =(15) : p3(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 + x3 y1
2
y0

3 (2.26a)

and admits three algebraically independent directrices:

deg =
�

1
�2

�
: s3,1(x, y) =

x0

y1
2
�

x2

y0
2
�

x3 y1

y0
3

�
x1 y1

3

y0
5

(mod p3), (2.26b)

deg =
�

1
�2

�
: s3,2(x, y) =

x0 y
3
0

y
5
1

+
x2 y0

y
3
1

+
x3

y
2
1

�
x1

y
2
0

(mod p3), (2.26c)

8

X1 X2 X3 X4 X5 X6

1 1 1 1 0 0 ←ℙ4

−4 −1 0 0 1 1 ←ℙ1

again has a constant Jacobian, and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;3

�1 1 0 0 �3
�1 0 1 0 �4

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�4 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
non-convex

rectangle

F (3)

(4,1,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.22)

where the Cox variables are X1=s1,1, X2=s1,2, X3=x3, X4=y0 and X5=y1.

Another Simple Deformation: Another simple deformation within the
h
P3 1
P1 5

i
deformation family,

(15) : p2(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 (2.23a)

admits two algebraically independent directrices:

�
1

�3

�
: s2,1(x, y) =

x0 y
2
0

y
5
1

+
x2

y
3
1

�
x1

y
3
0

(mod p2), (2.23b)

�
1

�2

�
: s2,2(x, y) =

x0

y
2
1

�
x2

y
2
0

�
x1y

3
1

y
5
0

(mod p2). (2.23c)

As above, the reparametrization

(x0, x1, x2, · · ·; y0, y1) ! (p2, s2,1, s2,2, · · ·; y0, y1), det
⇥@(p2, s2,1, s2,2, · · ·; y0, y1)
@(x0, x1, x2, · · ·; y0, y1)

⇤
= 4 (2.24)

again has a constant Jacobian and produces the toric rendition:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;2

�1 1 0 0 �1
�1 0 1 0 �3

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�3 �2 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

F (3)

(3,2,0)

⌫1

⌫2
⌫3

⌫4

⌫5

(2.25)

where the Cox variables are X1=s2,1, X2=s2,2, X3=x3, X4=y0 and X5=y1.

A Double Deformation: Consider a further, P1-symmetrizing deformation of (2.23a):

deg =(15) : p3(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
3
y0

2 + x3 y1
2
y0

3 (2.26a)

and admits three algebraically independent directrices:

deg =
�

1
�2

�
: s3,1(x, y) =

x0

y1
2
�

x2

y0
2
�

x3 y1

y0
3

�
x1 y1

3

y0
5

(mod p3), (2.26b)

deg =
�

1
�2

�
: s3,2(x, y) =

x0 y
3
0

y
5
1

+
x2 y0

y
3
1

+
x3

y
2
1

�
x1

y
2
0

(mod p3), (2.26c)
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toric  F(n)
(3,2,0,…)

X1 X2 X3 X4 X5 X6

1 1 1 1 0 0 ←ℙ4

−3 −2 0 0 1 1 ←ℙ1

for ,  n=3 F(3)
(2,2,1) ≈ℝ F(3)

(1,1,0)

deg =
�

1
�1

�
: s3,3(x, y) =

x0 y
2
0

y
3
1

+
x2

y1
�

x3

y0
�

x1 y
2
1

y
3
0

(mod p3). (2.26d)

These s3,i(x, y) have four monomials instead of just two in (2.12a). As before, the reparametrization

(x0, x1, x2, x3, · · ·; y0, y1) ! (p3, s3,1, s3,2, s3,3, · · ·; y0, y1), (2.27)

has a constant Jacobian, det
⇥@(p3,s3,1,s3,2,s3,3,···;y0,y1)

@(x0,x1,x2,x3,···;y0,y1)
⇤
=8. The 3-dimensional hypersurface p3(x, y)=0 has

the straightforward toric rendition with the Cox variables Xi=s3,i(x, y), X4=y0 and X5=y1:

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;✏
3�1 1 0 0 0

�1 0 1 0 �1
0 0 0 1 �1

Q
1 1 1 1 0 0

eQ2
�2 �2 �1 1 1

⇡R

X1 X2 X3 X4 X5

⌃
F

(3
)

5
;✏
3�1 1 0 0 0

�1 0 1 0 �1

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�1 �1 0 1 1

⌫1

⌫2
⌫3

⌫4

⌫5

flat
convex

rectangle

F (3)

(1,1,0)

(2.28)

where the choice of Q-charges on the far left (bottom two rows) follows from the change of variables (2.27)
with (2.26), which simplifies to Q

2 = eQ2
�Q

1, reflecting the F
(3)

5 ⇡RF
(3)

2 diffeomorphism of Hirzebruch
scrolls. In turn, the ⌃F

(3)
5;✏3

<��
?
F

(3)
(1,1,0)

specification (2.28) unambiguously specifies this latter choice of 5-
vectors, (Q1

, Q
2), as the correct Mori vectors [29], consistent with a star-triangulation of the spanning

polytope and the corresponding simplicial unit subdivision of the fan. This type of discrete deformations
F

(n)
m  F

(n)

m (mod n) have been seen affect superstring applications since early on, notably in the simplest form,
F

(2)

2  F
(2)

0 [23, 24]. By effectively reducing the negativity of X1, X2 and the total twist from 5 to 2, the
resulting toric specification F

(3)
(1,1,0) in (2.28) no longer features directrices as negative as (2.26b)–(2.26c),

and deforms the non-Fano hypersurface (2.26d) into the almost Fano F
(3)
(1,1,0).

A Comparison: Two rather distinct-looking members of this deformation family of 3-folds, the y0$y1-
symmetrized versions of (2.20a), and an asymmetric deformation of (2.23a):


P3 1
P1 5

�
3

x0 y0
5+x1 y1

5 +x2 y0
4
y1+x3 y0 y1

4 = 0

x0 y0
5+x1 y1

5 +x2 y0
4
y1+x3 y0

3
y1

2 = 0

)

⇢ eQ1(x0, · · · , y1) = (1, 1, 1, 0, 0)
eQ2(x0, · · · , y1) = (�3,�1,�1, 1, 1)

)

X1 X2 X3 X4 X5

⌃
F

(3
)

(2
,0
,0
)

�1 1 0 0 �2
�1 0 1 0 �2
0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2
�2 0 0 1 1

(2.29)

Each of them admits a (different) collection of one degree-
�

1
�3

�
and two independent degree-

�
1

�1

�
directri-

ces. Via analogous constant-Jacobian changes of variables, they both lead to the same toric F (3)

(3,1,1)⇡RF
(3)

(2,0,0),
where the last equivalence is again the toric rendition of Wall’s diffeomorphism [20]. This shows that there
exist rather nontrivial identifications within the coarse parameter space of

h
P3 1
P1 5

i
. For each n>2, F (n)

(2,0,··· )
is almost Fano: both its spanning and its Newton polytope is convex and reflexive, although �

?
F

(n)
(2,0··· )

has a
degree-2 edge, which is polar to a double (n�2)-face in �F

(n)
(2,0··· )

.

By modifying the spanning polytope and its central fan, �?
F

(n)
�!m

>�⌃F
(n)
�!m

, these and other deformations
also modify the Newton polytope, both its regular part and the extension, and thereby also the entire
anticanonical system.

9

Convex!

no
t 

co
nv

ex

not 
convex

…in well-tempered counterpoint
Fusing Fugue   c

entral 

(

) 

 modelϵ a,ℓ
=0

where ⌫i<��
?
X are the vertices of �?

X , i.e., the 1-cone generators of ⌃X , with N -lattice co-prime coordi-

nates specifying the Cox variables Xi, and M is the lattice dual to N . This yields

H
0(F (2)

m ,K
⇤) 3 X1X2

�
c
1
0X3

2 + c
1
1X3X4 + c

1
2X4

2
�

+X1
2
�
c
0
0X3

m+2 + c
0
1X3

m+1
X4 + · · ·+ c

0
m+1X3X4

m+1 + c
0
m+2X4

m+2
�
, (2.19)

exactly matching the n=2 case of (2.16) after renaming the variables as in (2.12b) and having simplified,

e.g., c10(X2) = c
1
0X2 and c

0
0(X2) = c

0
0, so the coefficients cn�k�1

i
in (2.19) are plain constants. These regular

polynomials indeed all have an overall factor of X1$s(x, y), and so fully agree with (2.16).

The “tuning” of q(x, y;�) in (2.16) to (2.1) builds the moduli space of generalized complete intersec-

tions such as (2.15) over the deformation space (even if discrete) of the general type ambient spaces such

as (2.1). While we defer a detailed study of this hierarchy, let us consider a few examples.

2.5 Discrete Deformations

Consider the Hirzebruch scroll F (3)

5;0={x0 y0
5+x1 y1

5} 2
h
P3 1
P1 5

i
, with its unique degree-

� 1
�5

�
directrix, s(x, y);

X1 X2 X3 X4 X5

⌃
F

(3
)

5

�1 1 0 0 �5

�1 0 1 0 �5

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2 �5 0 0 1 1

⌫1

⌫2

⌫3

⌫4
�?

F
(3)
(5,0,0)

⌫5

⌫1

⌫2⌫3

⌫4

⌫5

Figure 1: The toric specification of F (3)

5 (left) and its spanning polytope (middle and right)

see (2.11). The reparametrization (2.12a) leads to the toric rendition in Figure 1, its spanning polytope,

�
?
F

(3)

(5,0,0)
, depicted to the right of the tabulation from two vantage points for clarity. It is non-convex at the

saddle-point, ⌫1. The horizontal polygon spans the fan of the fibre-P2 and �
P3

i=1Q
2(Xi)=5 is the total

twist in this P2-bundle over P1.

A Simple Deformation: Consider deforming the n=3, m=5 central case (2.1) in the
h
P3 1
P1 5

i
deformation

family, which corresponds to the toric specification of F (3)

5 in Figure 1:

p1(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
4
y0
1
.

(2.20a)

It admits two algebraically independent directrices:

� 1
�4

�
: s1,1(x, y) =

x0 y0

y
5
1

+
x2

y
4
1

�
x1

y
4
0

(mod p1),
(2.20b)

� 1
�1

�
: s1,2(x, y) =

x0

y1
�

x2

y0
�

x1 y
4
1

y
5
0

(mod p1).
(2.20c)

As above, the reparametrization

(x0, x1, x2, · · ·;
y0, y1) ! (p1, s1,1, s1,2, · ·

·; y0, y1), det
⇥@(p1, s1,1, s1,2, · · ·; y0,

y1)

@(x0, x1, x2, · · ·;
y0, y1)

⇤
= 4 (2.21)

7

not convex

[~Segre]

[BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139] 
+more



…in well-tempered counterpoint
Fusing Fugue

✏a`-space

F (n)
�!m1

, e.g., F (n)

(4,1,··· )

F (n)
�!m2

, e.g., F (n)

(3,2,··· )F (n)
�!m3F (n)

�!m4

F (n)
�!m5

, e.g., F (n)

(2,2,1,··· )

F (n)
�!m6

, e.g., F (n)

(3,1,1,··· )

e.g., F (n)

5

F (n)
m

F (n)

[m (mod n)]

(least negative, most generic)


Pn 1
P1

m

�

36

 

   [~Segre]

F (3)(2,2,1) ≈
ℝ F (3)(1,1,0)

A deformation  family  picture: 

One 
complete 
intersection
to “rule 
them all” 
(toric 
 varieties)
…and CY 
hypersurfaces 
threin
…and web 
of connected 
GLSMs

10

[Hirzebruch 1951]

[BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139] 
+more



On  :   ⇒  &  
&    

 bi-degree →  toric -action: 

BTW,   

F(n)
m p(x, y; 0)=x0y m

0 +x1y m
1 =0 x0 = −x1(y1/y0)m x1 →X1 =𝔰

(Xi, i=2,⋯, n+2)=(x2,⋯, xn; y0, y1)
ℙ4×ℙ1 (ℂ×)2

det [∂(p(x, y), 𝔰(x, y), x2, ⋯; y0, y1)
∂(x0, x1, x2, ⋯; y0, y1) ] = const.

11

CY: need  ;   deg[ f(X)]= ( 4
2−m) deg[X1X m

5,6]= (1
0) =deg[X2,3,4]

  f(X)=X 4
1 X2+3m

5,6 ⊕ X 3
1 X2,3,4X2+2m

5,6 ⋯ ⊕ X1X3
2,3,4X2

5,6 ⊕ X4
2,3,4X2−m

5,6

 , m>2

{f(X)=0}♯ = {X1 =0} ∩ {⊕3
k=0X k

1 X4−k
2,3,4X2+km

5,6 =0}
Standard wisdom: these are un-smoothable.

X1 X2 X3 X4 X5 X6

1 1 1 1 0 0 ←ℙ4

−m 0 0 0 1 1 ←ℙ1

{f(X)=0} = {X1 =0} ∪ {⊕k X k
1 X 2

2,3,4X2+km
5,6 =0}

standard 
wisdom

Tyurin 
degenerate

codimension-2 
Calabi-Yau 

(matryoshka)

where ⌫i<��
?
X are the vertices of �?

X , i.e., the 1-cone generators of ⌃X , with N -lattice co-prime coordi-

nates specifying the Cox variables Xi, and M is the lattice dual to N . This yields

H
0(F (2)

m ,K
⇤) 3 X1X2

�
c
1
0X3

2 + c
1
1X3X4 + c

1
2X4

2
�

+X1
2
�
c
0
0X3

m+2 + c
0
1X3

m+1
X4 + · · ·+ c

0
m+1X3X4

m+1 + c
0
m+2X4

m+2
�
, (2.19)

exactly matching the n=2 case of (2.16) after renaming the variables as in (2.12b) and having simplified,

e.g., c10(X2) = c
1
0X2 and c

0
0(X2) = c

0
0, so the coefficients cn�k�1

i
in (2.19) are plain constants. These regular

polynomials indeed all have an overall factor of X1$s(x, y), and so fully agree with (2.16).

The “tuning” of q(x, y;�) in (2.16) to (2.1) builds the moduli space of generalized complete intersec-

tions such as (2.15) over the deformation space (even if discrete) of the general type ambient spaces such

as (2.1). While we defer a detailed study of this hierarchy, let us consider a few examples.

2.5 Discrete Deformations

Consider the Hirzebruch scroll F (3)

5;0={x0 y0
5+x1 y1

5} 2
h
P3 1
P1 5

i
, with its unique degree-

� 1
�5

�
directrix, s(x, y);

X1 X2 X3 X4 X5

⌃
F

(3
)

5

�1 1 0 0 �5

�1 0 1 0 �5

)

0 0 0 1 �1

Q
1 1 1 1 0 0

Q
2 �5 0 0 1 1

⌫1

⌫2

⌫3

⌫4
�?

F
(3)
(5,0,0)

⌫5

⌫1

⌫2⌫3

⌫4

⌫5

Figure 1: The toric specification of F (3)

5 (left) and its spanning polytope (middle and right)

see (2.11). The reparametrization (2.12a) leads to the toric rendition in Figure 1, its spanning polytope,

�
?
F

(3)

(5,0,0)
, depicted to the right of the tabulation from two vantage points for clarity. It is non-convex at the

saddle-point, ⌫1. The horizontal polygon spans the fan of the fibre-P2 and �
P3

i=1Q
2(Xi)=5 is the total

twist in this P2-bundle over P1.

A Simple Deformation: Consider deforming the n=3, m=5 central case (2.1) in the
h
P3 1
P1 5

i
deformation

family, which corresponds to the toric specification of F (3)

5 in Figure 1:

p1(x, y) = x0 y0
5 + x1 y1

5 + x2 y1
4
y0
1
.

(2.20a)

It admits two algebraically independent directrices:

� 1
�4

�
: s1,1(x, y) =

x0 y0

y
5
1

+
x2

y
4
1

�
x1

y
4
0

(mod p1),
(2.20b)

� 1
�1

�
: s1,2(x, y) =

x0

y1
�

x2

y0
�

x1 y
4
1

y
5
0

(mod p1).
(2.20c)

As above, the reparametrization

(x0, x1, x2, · · ·;
y0, y1) ! (p1, s1,1, s1,2, · ·

·; y0, y1), det
⇥@(p1, s1,1, s1,2, · · ·; y0,

y1)

@(x0, x1, x2, · · ·;
y0, y1)

⇤
= 4 (2.21)
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Meromorphic March
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&    
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CY: need  ;    

   
 ,  
 :  
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m x0y m

0 +x1y m
1 =0 x0 = −x1(y1/y0)m

(Xi, i=2,⋯, n+2)=(x2,⋯, xn; y0, y1)
ℙ4×ℙ1 (ℂ×)2
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5,6
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1 X 2
2,3,4X2+km

5,6 =0} Rμν =0

BH

X1 X2 X3 X4 X5 X6
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−m 0 0 0 1 1 ←ℙ1

{f(X)=0} = {X1 =0} ∪ {⊕k X k
1 X 2
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5,6 =0}

Embrace the Laurent terms = transverse
“Intrinsic limit” (L’Hôpital-“repaired”) 
→ smooth (pre?)complex spaces “removable” 

singularity

   &    x1 →X1 =𝔰

 
b2 =2, b3 =174(h 2,1=86)
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CY -folds in Hirzebruch -folds,  (n−1) n X (n−1)
m ∈ F(n)

m [c1]

14

each 
distinct 

 
harbors 
multiple 
transp. 
mirror 
models

F(n)
m

Summary

BH

✏a`-space

F (n)
�!m1

, e.g., F (n)

(4,1,··· )

F (n)
�!m2

, e.g., F (n)

(3,2,··· )F (n)
�!m3F (n)

�!m4

F (n)
�!m5

, e.g., F (n)

(2,2,1,··· )

F (n)
�!m6

, e.g., F (n)

(3,1,1,··· )

e.g., F (n)

5

F (n)
m

F (n)

[m (mod n)]

(least negative, most generic)


Pn 1
P1

m

�

36

A deformation family picture

 

   [~Segre]

F (3)(2,2,1) ≈
ℝ F (3)(1,1,0)

regular defo Laurent defoϵ→0

of CY hypersurfaces

all 
within the 

deformation 
family

CY is smooth

⊃
CY is 

Tyurin- 
degenerate

⊃

Mirror Minuet
—nD Proof-of-Concept—
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GLSM: -gauge symmetryU(1)n

Regular monomials ↔︎ toric (complex algebraic) variety
which  …isn’t.▿F(n)

m

Just as  encodes :ΣF(n)
m

F(n)
m

top cone = local chart;
codim-1-cone = gluing

so does its transpolar
a -dim manifold w/ -action2n U(1)n

the …transpolar of , denoted F(n)
m

▿F(n)
m

General multifans (& multitopes) correspond to
torus manifolds = real -dim mflds w/ -action  
[Masuda, 1999, 2000; Hattori+Masuda, 2003] 

2n U(1)n

Do Look Up 

;  worldsheet SuSy: U(1)n → (ℂ*)n
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rBH-gB [1] P. Berglund and T. Hübsch, “A generalized construction of Calabi-Yau models and mirror symmetry,”
SciPost 4 no. 2, (2018) 009 (1–30), arXiv:1611.10300 [hep-th].

rO-TV [2] T. Oda, Convex Bodies and Algebraic Geometry: An Introduction to the Theory of Toric Varieties. A Series
of Modern Surveys in Mathematics. Springer, 1988.

rF-TV [3] W. Fulton, Introduction to Toric Varieties. Annals of Mathematics Studies. Princeton University Press,
1993.

rGE-CCAG [4] G. Ewald, Combinatorial Convexity and Algebraic Geometry. Springer Verlag, 1996.

rCLS-TV [5] D. A. Cox, J. B. Little, and H. K. Schenck, Toric Varieties. Graduate Studies in Mathematics. American
Mathematical Society, 2011.

rP+RV-12 [6] B. Poonen and F. Rodriguez-Villegas, “Lattice polygons and the number 12,” Am. Math. Monthly 107
no. 3, (March, 2000) 238–250.

rD-TV [7] V. I. Danilov, “The geometry of toric varieties,” Russian Math. Surveys 33 no. 2, (1978) 97–154.
http://stacks.iop.org/0036-0279/33/i=2/a=R03.

1

W
hat of that flip-folding?!

— Who ordered ?▿F(n)
m

F(n)
m [c1]

mm⟷ ▿F(n)
m [c1]

New? Toric Spaces

16

F(n)
m

▿F(n)
m



[BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139] 
+more

BH

What is this “ ” ?  (Such that   ?)▿F(n)
m

▿F(n)
m [c1]

mm⟷ F(n)
m [c1]

Fan  of   ↔︎ atlas of charts , {σi;≺} ΔF(n)
m

Uσi
≈ℂn dim σi = n

But one chart is oriented reversely…

Do Look Up 

New? Toric Spaces

2�m

1 2

1

1

�1

1

1

References
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Constructing CY  Some “Nice” Ambient Space⊂
How Hard Can it Be?

Reduce to 0 dimensions:  ℙ4[5] → ℙ3[4] → ℙ2[3] → ℙ1[2]

👍

🧐

🤗

Just add 

dimensions, 

according to taste

🤓

…with metric
s via

 ML/NN

👍



Thank You!
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