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Fusing Fugue
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Mirror Minuet

New? Toric Spaces
\

A" 1t doeswn't matter what tt’s called,

....f it has substance.”

— S.-T. Yauc
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R//W_Eg/WR = () @ R,uv 0 T,uv . vacua OW
® Complete Intersection: X = ( N; {f(2) =()}) CA

® Constrained subspace: X,={f(z)=0} C A
®Functions: O(d) D ¢y(2) =~ [¢A(Z) (mod fi(Z))]

®Calculus: T(d) > dzy =~ [dzA (mod df(z)) ]—“adjunction theorem”
STransversality: {A;df.#0} N {f;i=0} ¢ A —

® Anomaly-free: ddiszX - 0+(0) < deg

:ddimAZA] o) deg[dl{fl‘]
®Massless fields: H™I(X) = HY(X, APT¥), also H(X, End Ty
>®“Gauge” (for “gauge” (for...))equivalence classes
T O .
Bott-Borel-Weil: P"= TooxUD) ¢b11._.(z ) ~ U(n+1) tensor expressions




rldsheet SCFT ground-states compactification
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rldsheet SCFT ground-states compactification 3 /o

2mHP, o
hat-Where-Why?  ©eiq, &9
R//tv_%gﬂvR =0 & R,=0=T,: vacuqH OW¢"
® Complete Intersection: X= ( N { fi(z)z()}) CA

8 Constrainesd subspace: xi= {ﬁ(Z) —0} C A Tian-Yau: {Fano} ~{CY}. = {CY}

®Functions: O(d) D ¢y(2) =~ [¢A(Z) (mod fi(Z))]

®Calculus: T(d) > dzy =~ [dzA (mod df(z)) ]—“adjunction theorem”
STransversality: {A;df.#0} N {f;i=0} ¢ A —

® Anomaly-free: d%™¥z, = 0,(0) < deg

nc

Also: {ZJ} ={CY},.

:ddimAZA] o) deg[dl{fl‘]
®Massless fields: H™I(X) = HY(X, APT¥), also H(X, End Ty
>®“Gauge” (for “gauge” (for...))equivalence classes
T O .
Bott-Borel-Weil: P"= TooxUD) ¢b11._.(z ) ~ U(n+1) tensor expressions
+ Macaulay?2,

SAGE, Magma, ... (new tricks/old dogs...)

— sequel: “old dogs strike back” & ML/NN-mertics



ow Hard Can it Be?

Constructing CY C Some “Nice” Ambient Space
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e Story so Far...

Classical Constructions smooth i models

P4 | 1 4 (2,86) b,=2=h!! dim. space of Kihler classes
E.o: L1ph,—1=86=h>! dim. space of cpx structures
g Xm S ]P)l 9 23
| &= ] _ 68 —168=y=2(h""'=h>") the Euler #

ﬂj)l




[arXiv:1606.07420]

e Story so Far...

ClaSSical Constructions smooth p models A special?

symplectic

L] 1 4 (2,86) b,=2=h'! dim. space of Kihler classes
E g: X € { . ] —b3—1 86=h*! dim. space of cpx structures
P™ | m[2=m]_ o " T168=y=2(h" —h>') the Euler # \

© Zero-set of p(x,y){:(), deg[p]=(,},l), & q(x,y)=0, C.eg[q]=<24m)
« Generic {p=O}n{q\i(‘)} smooth; degp.[pl+degp.[gl=n+1={c,;=0

3 —0 —0 7?7 go\X s
< sequendaly: X, 7 (£, 7 pixp) i L (G5

(14+J)°(14+J,)?
(1+J,+mJy) (1+4J,+(2—m)J>) for Fm and Xm

< Then: C{ k[(aJ1+bJ2)k] 27 (4b+ma) = diffeomorphism invariants <
geg, | clcz[(aJ1+bJ2)]— J s ol(al+bJy)], but also | .cl(ad+b1)*, ...

“ Chern: ¢ =

| ! < S0, FmN Fm(mod4) & X NRXm(mod4) 4diffeomorphism Lypes <

B 0, m=0,1,2,3 > deglgl=(_ )vz——@ |

5




e Story so Far...

Why Haven't We Thought of This Before?

» deglg]= @ holomorphic sections?!  [AAGGL:1507.03235 + BH:1606.07420]

T GvG:1708.00517]
4yl Pef 1] a 1%

¥ Not everywhere on P*"X[P* — (simple poles) X, e { 1 ]
& 4 Pl m[2—m | g

“but yeson F;’C P*P! — >105 of ’em! for m=>3

“How? On F.", q(x,y)~q(x,y) +4-p(x,y) <\ equivalence class!

@ [lezebruch 1951]= p=Xpy, +x1y13 & g= C(X)( > xm) deg[c]=(f’))

Yo?
Ac(x) A—>—1
— p(x,y) = c(x)( 2—) where Vo7 0 €

_ Ac(x) A=1
&  g=q(x,y) +( o 1)2p()c y) — c(x)(Z—) where v, #0

~ So, =qg(x,y)

Wu-Yang
monopole

& q1(x,y)—qo(x,y)= 2 L p(x,y)=0, on Fy:={p(x,y)=0)

)2
< [GvG, 1708.00517] scheme-th. generalized complete intersections”

Reverse-engineered: Mayer-Vietoris sequence & “patching” of the two charts
6



po '(0) N 871(0) is smooth
dpy(x, y)AdS(x,y)#0

using Fugue

e s ln well-tempered Counterpomt [BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139]

+more
(3 f f n [FDn
~ For {XOYOm+x1y1 = _Z Z\gﬁl}i XaYo' Y } = Fing € [uﬂﬂ

N ——— —
:=p(x,y; 0) a=2 = » A
even p(x,y; O) is transverse, p~ (0) is smooth

< The central ( €=0) member of the family is a Hirzebruch scroll £, :

< Directrix: |8(x, y) — (——i) + [Xoyo +Xx1y;"]} degree <-n11)

ypm o yg™

()’0}’ )m

§ - On F: p(x,y;OL/=x0y0 +x1y," =0 = x= —x1(y;/y))", @ y,#0

;"-EISO, x1—>X1=§(X,)7) &(Xi’ i=29°")=(x29°”9xn;y()ay1)

] A(P(x, 1), 8(X, ), X3, =+ Yoo V1) X X Xy Xy X5 X

< Key: det =const. |11 1 1 0 O-
0(X0, X1, X2, ***3 Yoo Y1)

—m 0 0 0 1
L ¢ P4x P! bi-degree — toric (C¥)?-action:

fnd the rest of the €, ,~deformation family? ‘
Where smooth models are all dlffeomorphlc to each other) ~ N

*Reverse-Engineered (Toric) Model



Po '(0) N 871(0) is smooth e ( ﬁ";mh“
dpy(x, y)AdS(x,y)#0 A Judhur fy 3

using Fugue -

E . ,With a meandering motif [BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139]

+more

' Construction 2.1 Given a degree{ ! ) hypersurface {pz(x,y)0} C P"xP! asin (2.2), construct

: 1 P™ 1
deg=0. " 0 sl@gd =00 [ 28, ] mod pz(x,vy)),
8= (mro—m) (@ uN) yop o (0 )| (mmedine (@, ) [Pl m]

progressively decreasing ro+ri = 2m, 2m—1, , and keeping only Laurent polynomials con-
ta1n1ngEoth Yo- and yq denommator:sl)ut 10 Yo, Y1 I -mixed oncg The “Flip,, ” operator changes
the relative sign 1 of the rational monomials with Yi- ,;-denominators. For algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overall

(yo, y1)-multiples of each other.

m=2 1
< E.g.: po=xoye® + x1y1?; epla] :=Table|

———, {1, 0, a}]; Expand /@ (po {ep[5], ep[4], ep[3]})

Y1
Xe Yo

Ye
{ X1Y: Xg Il Y1 X3 Xg Xa X1

e —_

yiemerople | 0T ve Vi we¥T Y

2
{Ha -"1‘.-"1 Xg X1¥1 X1 ¥l | X1 Xa Yo Kﬂﬁ'a*h}‘-‘

+ + + L 2] . . . .
B s TP SR Yoyt syfeersgd ) lappenayd Clyi i flYe vl [ opfeeemepn
- deg=(_}), 187 @)1=1/]-21].

THE exceptlonal section] 8 !THE exceptional curve [S]°= — in 1A




s
© F Cegég\us - V2
{
Eoln@ fofe
using Fugue &y 2
¥« in WE' I-tempered COU nterpOint [BH:1606.07420, 1611.103018,2205.12827 & 2403.07139]
+more
» : _ : (n) |
< Deform: p;(x,y) =XgVo3 +X1Y13+XY0%V; toric by’ o )
_ XoYo . X2 X Xo X Xyt y
¢Now: 8 (X, y)=—F+——— & 9, (X, y)=———— :
11 (%) VS oyt oy 120 Y) i Yoo Yo
o & det A(P1> 31158125 X35 3 Yo V1) . ¢ Xy X, X5 Xy Xs Xo
) c a('x()a X1s X2 X3, “';)’Oa)ﬁ) — COonst. b ! 00

-4-1 0 0 1 1<

b O . — . ) NG
< Deform: p,(x,y)=XgVp> +X1y15+15)3),2 toric £z 0 )
XoYo? . X2 X Xo Xy X3
2 Now: 8, (x,y)= +——— & S (X, y)=————
2106 )= 2206 )= T

X, X, Xy X, X5 X,
111 1 0 0-#
—3-2 0 0 1 1-#

APy 35 158225 X35 **3 Yo V1)
¢ & det [

— const.
O(Xg, X1, X9, X35 ***3 Y0s V1) ]

convex
W, rectangle

.. and p3(x, y) =XpYod +X V150V Y12 X5 )02)3

I . ' () = ) =
= — toric 52,2,1,...) for n=3, EZ,Z,I)NRF&LI,O)

5 | ~Segre]




usmg Fugue

N We” tempered Counterpomt [BH:1606.07420, 1611.10300, 2205. 12827&240307139]

+more

® A deformation family picture:

® One
complete
intersection

® to “rule
them all”
(toric
varieties)

®...and CY
hypersurfa@es
threin

.hﬁ '...and web N o

Eqe-SPpace [m (mod n)]
Of connecte J (least negative, most generic)

GLSMs




eromorphic March

K . ,back to the med ial motif [BH:1606.07420, 1611.10300, 2205.12827 & 2403.07139]

+more

. On F: P,y 0)=xpy," +x, 3" =0 = xy= _x1(Y1/YO)m&x1_>X1,f

v & (X =2 -,n+2)=(x2, . n,yO,yl) X X, X3 X4 X5 Xg

| . 11 1 1 0 0-»
@ |]:D4X |]j)1 bl_degree —> {Ori1c (Cx)z-aCthn: —m 0 0 0

a(p(x9 y)a g(x’ y)’XZ’ 5 Yo yl)
a(x()a X1s X2, “';y()a yl)

¥ meed deglf(X)1=(,1,); deelX\XZ41=(})=deelX, ] (B

f( X) X14 X52+3m D X13 X2,3 . X2+2m. e X1X23,3,4X52,6 stqndard

wisdom

< BTW, det [ ] = const.

codimension-2
Calabi-Yau
matryoshka)

v m>2, {fX)=0} = {X, =w@kxlkxz?3 4X2+k£%7
S {fOO=0}" = {X,=0} n {@}_ X/ Xy35X3" =0}

& _ Standard wisdom: these are un-smoothable. Tyurin

degenerate

11 *Reverse-Engineered Model



eromorphic March

K . .back to the medial mOtif [BH:1606.07420, 1611.10300, 2205.12827 &2%??6139]

+1more
2 On E7: xoyy"+x3" =0 = Xo= —x;(y /)" & x—X;=8
m& (X l_ ’,n+2)=(X2,”’,.xn;y0,y1) Xl Xz X3 X4 Xs X6
o P*xP! bi-degree — toric (C¥)*-action: 11 1 1 0 O<s

a(p(xvy)’ g(xay)a-xb "';y()ayl) —m O O O 1 1 opl

A(X0, X1, X5 ***3 Y0, V1)
~ CY: need deg[f(X)]=(2fm>; deg[X; 56]—< ) =deg[X, 3 4]

| 4243 3 242 2
< fXO)=X"X5g" @ Xl Xz 3, 4X 6 @ X1X2,3,4X5,6L@ 2,3,4

8 .. = »
- <P ecm ' <

< BTW, det [ ] = const.

'{m >

a

< Embrace the Laurent terms = transverse

8 _ “Intrinsic limit” (CHopital-“repaired”) b, <

& — smooth (pre?)complex spaces =2 b
(421

“removable”
=86) 751ngular1ty



irror Minuet

& Non-Convex Mirrors ~ _ —
. X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+0m

X X, X3 X, X5 X,

111 1 0 0

® “m 0 0 0 1 1-¢
O
O
A
X, X, XX,

® @
...how Gell-Mann felt,
plotting the baryon decuplet

with €27 conspicuously missing
13




irror Minuet

‘& Non-Convex Mirrors ~_ —

. X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2 Im

+more

v Transpolar (= dual): 1

|

I 0 0

® —m 0 0 0 1 1-#

¢ A— | J;(convex @) ;

® @
...how Gell-Mann felt,
plotting the baryon decuplet

with Q7 conspicuously missing @
13

® ® universal
X, XXX,



iIrror Minuet

& Non-Convex Mirrors

i 3 +more

' X12X20(X3@X4)2+1m@X11X21(X3 @X4)2+Om @X10X22(X3@X4)2 Im
w Transpolar (=~ dual): . Xll )1(2 )1(3 )1(4 f)(s 5)(6
¢ A-> | (convexﬁ, i e

© Compute O, — 0, := {v: (v|‘v’u€@)+1>0}':‘-._

. L
e 0 universal
; [ X X, X.X,

6 o
...how Gell-Mann felt,
plotting the baryon decuplet
with Q7 conspicuously missing @
13




irror Minuet

& Non-Convex Mirrors ~_ —
= . mose
' X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 EBX4)2 Im

4 Xp X X5 Xy X5 Xe
w Transpolar (=~ dual): . 11 110 0
_ . -m 0 0 0 1 1-¢
¢ A— | J;(convex ®)) ;

v Compute ;= 0.”:={v: (v|Vue,)+1>0}®

o

® ® universal
X, X, XX,

@

..how Gell-Mann felt
plottmg the baryon decuplet

with Q7 conspicuously missing @
13



irror Minuet

& Non-Convex Mirrors ~_ —
= . mose
' X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 EBX4)2 Im

4 Xp X X5 Xy X5 Xe
w Transpolar (=~ dual): . 11 110 0
_ . -m 0 0 0 1 1-¢
¢ A— | J;(convex ®)) ;

v Compute ;= 0.”:={v: (v|Vue,)+1>0}®

o

® ® universal
X, X, XX,

@

®
...how Gell-Mann felt, * :
plotting the baryon decuplet *:

with Q™ conspicuously missing @
13



irror Minuet

& Non-Convex Mirrors ~_ —
= . mose
' X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 EBX4)2 Im

4 Xp X X5 Xy X5 Xe
w Transpolar (=~ dual): 11 110 0

_ . -m 0 0 0 1 1-¢
¢ A— | J;(convex ®)) ;

v Compute O, — 0’ :={v: (v|Vued,)+1> O}“"::}_‘

L )
“
® %%
| T
| T
a9
a9
) L
| L
s B .
o ‘ universal
Y .
A X, XXX,
| }
®

® 1
...how Gell-Mann felt, *:
plotting the baryon decuplet

¢
L
2
with Q7 conspicuously missing @
13



irror Minuet

& Non-Convex Mirrors ~_ —
= . mose
' X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 EBX4)2 Im

i Xl XZ X3 X4 XS X6
w Transpolar (=~ dual): . 11 110 0

X —m 0 0 0 1 1
v A Ui(convexﬁ; :

v Compute ;= 0.”:={v: (v|Vue,)+1>0}®

o

® ® universal
X, X, XX,

@

o o ®

...how Gell-Mann felt,
plotting the baryon decuplet

with Q7 conspicuously missing @
13



irror Minuet

& Non-Convex Mirrors _ —2D Prodfiajs
o ‘ +more
: X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 EBX4)2 Im

) Xp X X5 Xy X5 Xe
v Transpolar (= dual): 11 110 0

¢ -m 0 0 0 1 1
¢ A-> Ui(convexﬁ; :

v Compute ;= 0.”:={v: (v|Vue,)+1>0}®

umversal
X1X2X3X4

..how Gell- Mann felt
plottmg the baryon decuplet

with Q7 conspicuously missing @
13




irror Minuet

& Non-Convex Mirrors _ —2D Prodfiajs
o ‘ +more
: X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 EBX4)2 Im

) Xp X X5 Xy X5 Xe
v Transpolar (= dual): 11 110 0

¢ -m 0 0 0 1 1
¢ A-> Ui(convexﬁ; :

v Compute ;= 0.”:={v: (v|Vue,)+1>0}®

umversal
X1X2X3X4

..how Gell- Mann felt
plottmg the baryon decuplet

with Q7 conspicuously missing @
13




irror Minuet

& Non-Convex Mirrors _ 2D Pie

2403.07139]
+more

: X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 EBX4)2 Im
v Transpolar (= dual): Xll )1(2 )1(3 )1(4 f)(s 3(6

¢ -m 0 0 0 1 -
v A Ui(convexﬁ;

v Compute ;= 0.”:={v: (v|Vue,)+1>0}®

® ® universal
X, X, XX,

13



iblee2205. 12827&24”3?07139]
+more

X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im
< Transpolar (=~ dual): . Xll )1(2 )1(3 )1(4 f)(s 5)(6
@'A—>U - -m 0 0 0 1 1

;(convex ,) ;

< Compute O, — 0" :={v: (v|Vued,)+1>0}®
¥ (Re)assembl e dually o

0,0 0) =106
® ® universal
X, X, XX,

with “neigh

13



ToricVarieting 8 ‘
J !
i

5220512827 & 2403.07139]
+more

X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2 Im
v Transpolar (= dual): B
B s Y| —m 0 0 0 1 1+
v A— | J;(convex O)) ; ‘

© Compute 6;,— 0 :={v: (v|Vueb;))+1>0}1

| _ AKX
¢ (Re)assemb'e dually e AFm =45 Fon
(Qi M ‘9j)°._ 4 (‘“\s‘éo\a
with “neighl \

| X, X, X5 X
< Swap roles Ll

l

F [c;] < F, [c]

13




irror Minuet - .

‘& Non-Convex Mirrors 2D

16).0) Fo 6 i { Ao 205.12827"2:"'(")139]
| - ) = +more

2v 0 24+1m Iv 1 240m Oy 2 2—1m

- X7 X (X5 X)) DX, X, (X;PX,) DX, X, (X;DX,)

: X X, X, X, X5 X,

< Transpolar (=~ dual): 11 110 0

Y, —m 0 0 0 1 1-¢
¢ A— Ui(convexﬁ; *

© Compute 6;,— 0 :={v: (v|Vueb;))+1>0}1

— AKX
AFm — Ava

universal
X1 X5 X3Xy

“ (Re)assemble dually

lllll
......

. ) = 16° 2 .0" \{AX‘
(9} n HJ) . -~Hl ° H] ] X .”A{OX\SQO
with “neighbors? _« v

v

« Swap roles

)3 ’92: Khovanskii

A <1 : +Pukhlikov

Grocomplex| | woPoly, i x| 193 Karshon
algebraic IN v @ 0 T F TV, Ttttaiiiieeeeset®

ge%metry 2 " " 6 P ’99: Hattorli

eenVEX MM 00 +Masuda

1 Fm[Cl] g VFm[Cl] U Y : +lots of

polytopes 13 %l (pre)symplectic|geometry




Summary —nD P OO 9205.12827 & 246? 07139]

| , , +more
. CY(n—1)-folds in Hirzebruch n-folds, X,f,ij ”E F,iif) [Cl] each

' regular defo Y, Laurent defo l distinct
N\ of CY hypersurfaces £ / F®
m

harbors

multiple
transp.
mirror
models

all
within the
deformation

(n) P '
F[m (mod n)] famlly
(least negative, most generic)

€qo-Space

A deformartion family picture



8 Do Look Up
IIII- | +more
| § Step back for the “big picture 1F( ‘%ﬁ,ﬁf))

-~ Toric (complex algebraic) variety "
B F
< A deformation family of "
CY hypersurfaces: F\’[c;] { f(\;c) =0)

“ In toric-speak (blueprint): A\ N
AFma AFm)

T4

15



ew? Toric Spaces

b/ Do Look Up [BH:1606.07420, 1611.10300, 220512827 & 2403.07139]
| & +more
back for the “big picture”

Step back for the “big picture 1F( ‘%ﬁ,ﬁf))

-~ Toric (complex algebraic) variety )
< A deformation family of J "
CY hypersurfaces: F'[c,] {(f(x)=0} 4—> {Tf(y) 0}
“ In toric-speak (blueprint): A" o)
< Pick one & transpose [BH '92] AF m AF m) A ,AF )

x4

Y2

15



88 Do Look Up
~ Step back for the “big picture”

< A deformation family of
CY hypersurfaces: F\’[c;]

< In toric-speak (blueprint):

< Pick one & transpose [BH '92]

15

lew? Toric Spaces

¢ —
[BH:1606.07420, 1611.10300, 2205.1282 &-2‘4.6;3‘*:0139]
7] m

< Toric (complex algebraic) variety

x4

(n)
F m
v

(f()=0} <

F >

m

1)




"New? Toric Spaces
) & Do Look Up
| ;- Step back for the “big picture”

SL(F ) &

| -« Toric (complex algebraic) variety

. F7 « = F
< A deformation family of m

CY hypersurfaces: F\’[c;] { f(\;c) =0} «—3 {T(y)=
“In toric-speak (blueprint): A\ * o j\ *
< Pick one & transpose [BH '92] Ar z Ar m) A m” AF’")

“ Fano (m — O, 1 ,2) VY =0" (“polar”) m > 2, trans polar ace-wise polar)

T

< The “extension” <> “non-convexity”
for all m>?2

15



Iew? Toric Spaces
y ® Do Look Up
- Step back for the “big picture”

g [(Ffw) <

| .« Toric (complex algebraic) variety Fo ¢
< A deformation family of "
CY hypersurfaces: F\[c,] { f(\;c) =0} e—3 |
“In toric-speak (blueprint): A\ x 2
< Pick one & transpose [BH 92] \(‘AF z AF m) ‘

“Fano (m=0,1,2): “v=e¢” (“polar”) m>2, transpolaf.

< The “extension” <> “non-convexity”
for all m>?2

< Pick simplicial subsets for :
defining sections — multiple mirrors




Iew? Toric Spaces
y ® Do Look Up
- Step back for the “big picture”

g [(Ffw) <

§ - Toric (complex algebraic) variety
m

< A deformation family of .
CY hypersurfaces: F’[c,] { f(\;c) =0} e— {f(y)=
< In toric-speak (blueprint): A\ N 7 j\ *
< Pick one & transpose [BH '92] \(‘AF n AF m) (4 m’ AF’")

“Fano (m=0,1,2): “v=o” (“polar”) m>2, transpola \\ace-wise polar )

< The “extension” < “non-convexity”

for all m>?2 02 ofS
g (Q\{
{ o o o o .. \
< Pick simplicial subsets for o d\\
defining sections — multiple mirrors
2 Y2 Y3
X2
x§x4 + xf +—



Iew? Toric Spaces
y ® Do Look Up
- Step back for the “big picture”

g [(Ffw) <

| -« Toric (complex algebraic) variety

| F et——3 F»
< A deformation family of "

CY hypersurfaces: F\’[c;] { f(\;c) —0} d—3 {Tf(y)=

“Fano (m=0,1,2): “v=o” (“polar”) m>2, transpola \\ace-wise polar )

< The “extension” <> “non-convexity”
forallm>?2

“ Pick simplicial subsets for =z A -
defining sections — multiple mirrors
4 4 X22 Y2 Y3



-« Toric (complex algebraic) variety

forall m>?2

< A deformation family of
CY hypersurfaces: F’[c,]

< In toric-speak (blueprint):
< Pick one & transpose [BH 92]
“Fano (m=0,1,2): “v=0” (“polar’) m>?2,

< The “extension” <> “non-convexity”

< Pick simplicial subsets for
defining sections — multiple mirrors

Iew? Toric Spaces
y ® Do Look Up
- Step back for the “big picture”

T

g [(H ﬁgz)) <

Fre
v

S =0}«

A ;\,A’;m)

X

trans polar ace-wise polar )

Y2



B8 Do Look Up
. Step back for the “big picture”
| -« Toric (complex algebraic) variety

< A deformation family of
CY hypersurfaces: F’[c,]

New? Toric Spaces

“Fano (m=0,1,2): “v=o" (“polar”)
< The “extension” <> “non-convexity”
for all m>?2

< Pick simplicial subsets for o
defining sections — multiple mirrors

()
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< Pick one & transpose [BH '92] AF ’
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ew? Toric Spaces

DO I.OOk U p [BH:1606.07420, 1611.10300, 2205.12827&'2‘4139]

: +more
- GLSM: U(1)"-gauge symmetry; worldsheet SuSy: U(1)" — (C*)"

v Regular monomials <> toric (complex algebraic) variety =

wwhich YF ...isn’t. — Who ordered F})? b2 Vi

. Just as X, encodes F:
m
“ top cone = local chart;

« codim-1-cone = gluing
V4

2z
~ so does its transpolar

F(n) [Cl ] mm VF(n) [Cl ] ‘:“‘“‘ "-‘-“
m m ;
Y >
va 2n-dim manifold w/U(1)"-action LY

< the ...transpolar of F\, denoted “F

- General multifans (& multitopes) correspond to

< torus manifolds = real 2n-dim mflds w/U(1)"-action v1-
[Masuda, 1999, 2000; Hattori+Masuda, 2003]
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ew? Toric Spaces

Do Look Up A

e ﬂO t‘?\[BH 1606.07420, 1611.10300, 2205.12827 &21@?‘0139]
of V
- What is this “YF” ? (Such that “F “c] — F “ci] ?)

+more

wFan {0;;<} of Apw <> atlas of charts U, ~C", dimo; = n

1

« But one chart is oriented reversely...

17



ew? Toric Spaces

W use
Do Look Up canwe® i

O{ \x’?\[BH 1606.07420, 1611.10300, 2205.12827 & 2
/
- What is this “YF\"” ? (Such that F\’[c,] — F “ci] ?)

4?8’3""07139]
+more

wFan {0;;<} of Apw <= atlas of charts U_~C", dimo;, = n

1

« But one chart is oriented reversely...

< Every flip-folded
- cone/facet can
be surgically
rev.-engineered




ew? Toric Spaces

§¥ W use
Lholk]DkWLUD (:a“\NeCalO

?\[BH 1606.07420, 1611.10300, 2205.12827 & 2405 0139]
£t
. +more
- What is this “YF” ? (Such that YF “c] — F “ci] ?)
wFan {0;;<} of Apw <= atlas of charts U_~C", dimo;, = n

1

« But one chart is oriented reversely...

< Every flip-folded z
cone/facet can
be surgically
rev.-engineered

" complex
algebraic

...from regular
(cpx. alg.) toric -
varieties and
(non-algebraic) -
torus manifolds

S
-
2.
=
2
L
9
2
=
o
v

A .
- .
0. “
. (3
. -
*
AR “ .
o "A"
S * "
*
[ @rressnnnnnnnnnn () [ ]
.
.
.
.
.
.
.
.
.

torus

[Masuda, 1999, 2000 torus
Hattori+Masuda, 2003] manlfo]d
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