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Running coupling in QCD
Theory & Experiment

Running coupling in QCD at non-zero T
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Running coupling in QCD at non-zero T and chemical potential µ
Theory & Experiment

In this talk: Running coupling in HQCD at non-zero T, µ and B
B - magnetic field

Theory: Holographic QCD
Experiment (near future): scattering amplitudes of particle collisions in
hot dense matter produced in HIC (Heavy-Ions-Collisions) at NICA
NICA=Nuclotron-based Ion Collider fAcility

Main result: Automodel behaviour of the QCD running coupling
near 1-st order phase transition
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Running coupling in vacuum QCD. 1/2

The running coupling constant in QCD is a fundamental concept reflecting the
energy dependence of the strong interaction.

Theory. The coupling constant αs varies with the energy scale according
asymptotic freedom. This behavior is governed by the RG eq.:

dαs(M
2)

d lnM2
= −β(αs(M

2)), M − renormaliz scale, β(αs)− βfunction of QCD

M is the renormalization scale and β(αs) is the beta function of QCD.

At 1-loop order β(αs) = − β0

2πα
2
s, β0 = 11− 2

3nf , nf is # of flavors.
The running coupling constant: αs(Q

2) = 2π
β0 ln(Q2/Λ2

QCD)
, ΛQCD is the QCD

scale parameter ∼200-300 MeV.
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Running coupling in vacuum QCD. 2/2

Experimental Results. The running of αs(Q
2) has been confirmed

experimentally over a wide range of energy scales. Measurements of αs at
various scales Q came from:

Deep inelastic scattering (DIS)

e+e− annihilation into hadrons

The hadronic decays of the Z boson

Lattice QCD calculations

PDG provides a world average of the
strong coupling constant at the Z boson
mass scale, MZ = 91.1876GeV :

αs(M
2
Z) = 0.1181± 0.0011.
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Figure 4.3: Unified coupling obtained from the analytic matching of nonperturbative and
perturbative QCD regimes. The procedure determines the relation between ⇤MS and � or
equivalently hadron masses. The transition scale Q0 between the large and short-distance
regimes of QCD is determined as well.

in good agreement with the determination from the value  = 0.50±0.04 obtained from

the relation between  and hadron masses:  = M�/
�

2 or  = Mp/2 [130]. It is remark-

able that the parameter  which fits the Bjorken sum rule data is set independently by

a hadron mass.

Additionally, it has been shown using the Schwinger–Dyson equations for the quark

propagator that if one assumes a Gaussian form for the QCD running coupling, the quark

propagator has poles above and below the real axis, consistent with quark confinement

[207]. Finally, the scaling solution of the Schwinger–Dyson equations yields a coupling

in close agreement with ↵AdS, with a freezing value of 2.97 (Section 4.4).

72

Figure 7.

the form

GR
j (!,p) =

1

!2 � p2 � M2
j + 2i�j!

(5.1)

for quarks, antiquarks, and gluons (j = q, q̄, g), using ! = p0 for energy, the widths �j

and the masses Mj.

• complex self-energies for gluons ⇧ = M2
g � 2i!�g and for (anti)quarks ⌃q = M2

q �
2i!�q, where the real part of the self-energies is associated with dynamically generated

thermal masses, while the imaginary part provides information about the lifetime and

reaction rates of the particles.

• a model ansatz for the masses Mj(T, µq) and widths �j(T, µq) as functions of the

temperature T and the quark chemical potential µq.

With the propagators fixed as described above, one can evaluate thermodynamic

8

A)

Gerasimov–Drell–Hearn (GDH) sum rule [178, 189] for Q2 ! 0, and the Bjorken sum

rule [37] for Q2 ! �. Let us first consider the latter. At large Q2, the rhs of Eq. (3.40)

can be computed. Equating it to the rhs of Eq. (3.41) yields the result:

↵g1 = ↵MS + 3.58
↵2

MS

⇡
+ 20.21

↵3
MS

⇡2
+ 175.7

↵4
MS

⇡3
+ O

�
↵5

MS

�
, (4.1)

which is indicated by the blue band shown in Fig. 4.1. The width of the band represents

the uncertainties due to the value of ⇤MS, the truncation of the Bjorken series in Eq.

(4.1), and the truncation of the � series used to compute ↵MS in Eq. (4.1). At the

smallest Q2 typically considered for the applicability of pQCD, Q2
min � 1 GeV2, the

asymptotic series (4.1) converges up to order n � ⇡/↵MS(Q2
min) ' 4 so one should stop

at this order, lest 175.7↵4
MS

/⇡3 becomes comparable to O
�
↵5

MS

�
.
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Figure 4.1: Experimental data and sum rule constraints for the e�ective charges ↵g1(Q)/�
and ↵F3(Q)/�. The blue data points are from Jlab [190], the green points are from Hermes
[183], the black points are from Fermilab [78], the red points are from CERN [186] and the
magenta points are from SLAC [179, 181, 182, 184].

As an alternative to Eq. (4.1), one can use the BLM/PMC expression (see Section

3.7.1 and Eq. (3.43)) for ↵g1(Q
2) in terms of ↵MS(Q2) [51]. In this case all nonzero

� terms are shifted into the scales Q⇤, Q⇤⇤, · · · of the ↵MS coupling thus matching

64

Figure 6.

5 From [19]

In fact all strategy of this paper is based on the thermodynamic formula, similar to

(2.1) [not exactly this formula]

5.1 Based on Dynamical Quasiparticle Model (DQPM)

The Dynamical Quasiparticle Model (DQPM) [9, 14? ? ? ? ] is an e↵ective model

which describes the Quark-Gluon Plasma (QGP) in terms of strongly interacting quarks

and gluons. This model is based on fitting the properties of these particles in order

to reproduce the results of lattice QCD calculations in thermal equilibrium and at

vanishing chemical potential.

The quasi-particles in the DQPM are characterized by:

• ”dressed” propagators, i.e. single-particle (two-point) Greens functions, which have

7

B)

A) Unified coupling matching of nonperturbative and perturbative QCD regimes.
B) Experimental data and sum rule constraints for the effective charge αg1 , from: S.Brodsky at
all, 2403.16126 and earlier
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Running coupling in QCD.
What is known/expected for T, µ,B ̸= 0

Figure 8. Running coupling constant ↵s as a function of T/Tc for µB = 0. The black

solid line corresponds to the DQPM running coupling defined by Eq. (5.6), the gray dashed

line indicates a constant value of 0.3. The lattice results for quenched QCD, Nf = 0, (blue

circles) are taken from Ref. [10], for Nf = 2 (orange inverted triangles) – from Ref. [18] and

for Nf = 2 + 1 (red triangles) – from Ref. [12].

The actual pole masses of quarks Mq and gluons Mg as well as their widths –

�q and �g – are depicted in Fig. 9 as a function of T for di↵erent baryon chemical

potentials µB = 0, 0.2, 0.4 and 0.6 GeV. As seen from the figure, the masses grow with

T and decrease with increasing µB and move to the low T following the µB dependent

critical temperature Tc(µB) (depicted as dashed vertical lines). The widths of quarks

and gluons increase with T and show only a weak µB dependence. For µB = 0 the

DQPM gives Mq = 2
3
Mg, �q = 4

9
�g.

Having the quasiparticle properties, dressed propagators, and coupling constant as

given by the DQPM, one can evaluate the scattering amplitudes as well as the cross

sections and the transport coe�cients of quarks and gluons in the QGP as a function

of the temperature and the chemical potential [8, 9].

11

A)
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C)

A) Running coupling constant α as a function of T/Tc for µ = 0, from: 2308.03105

B) It is expected that α(T, µ) = f(T 2 + cµ2).

C) α(T, µ,B) =?
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Evolution during heavy ion collision

• Локальная термализация. Этот процесс сопровождается огромным производством энтропии.        
Физика не до конца понятна. Трудности возникают из-за зависящих от времени       
неравновесных процессов КХД.

• Локальная термализация создает начальное условие гидродинамической эволюции

Эволюция  после столкновения тяжелых ионов

Адронизация

Время	жизни:				
10fm/c	

Время	термализации:
1fm/c = 3.3 · 10�24s

<latexit sha1_base64="ToPqLUgx3TF+9iWpBE3tmPf1vRQ="></latexit><latexit sha1_base64="ToPqLUgx3TF+9iWpBE3tmPf1vRQ="></latexit><latexit sha1_base64="ToPqLUgx3TF+9iWpBE3tmPf1vRQ="></latexit><latexit sha1_base64="0WuczQXfrVC+h3lpJDHSqr7Bn4g="></latexit>

КГП	представляет	собой	состояние	материи		из	свободных		
кварков,	антикварков	и	глюонов	при	высокой	температуре.			
КГР	была	открыта	RHIC’e	в	2005.

КГП	ведет	себя	(RHIC,	LHC	)	как	сильно		
взаимодействующая	жидкость		
(коллективные	эффекты)

QGP is a state of matter of free quarks,
antiquarks and gluons at high
temperature. QGP was discovered at
RHIC in 2005.

QGP behaves (RHIC, LHC ) like a
strongly interacting fluid (collective
effects)
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QGP - strongly interacting liquid

Two questions:

1 How was it formed?

2 What properties does it have?

The main property is the structure of the phase diagram
One of the goals of NICA - study the phase structure of QCD

Main message from this talk: scattering amplitudes in for processes in
area of HIC can feel location of 1st order phase transition in (T,µ,B)-space
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QCD Phase Diagram: Early Conjecture

Cabibbo and Parisi, 1975

0.3GeV

Nuclei

Deconfined

    (QGP)

Hadronic

Deconfining

transition

T

μB

µ a measure of the imbalance between quarks and antiquarks in the system
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QCD Phase Diagram: Lattice

Phase diagram Main problem with µ ̸= 0
on quark mass Imaginary chemical potential method

Columbia plot
Brown et al., PRL (1990) Philipsen, Pinke, PRD (2016)
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“Heavy” and “light” quarks from Columbia plot

Light quarks Heavy quarks

    

1-st order

phase transition

 

Crossover
T

μ

1-st order
phase transition

Crossover

T

μ
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QCD Phase Diagram: Experiments

LHC, RHIC (2005);

FAIR (Facility for Antiproton
and Ion Research),

NICA (Nuclotron-based Ion
Collider fAcility)

Main goals
search for signs of the phase transition
between hadronic matter and QGP;

search for new phases of baryonic matter

Neutron

stars

Color 

super-

conducter
0.3GeV
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NICA

LHC

RHIC

Deconfined

    (QGP)

Hadronic Deconfining
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T

μB

0.
16
2G
ev
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QCD Phase Diagram: Experiments

Main experimental method to find 1-st order phase transition:
Beam Energy Scan Method

We propose a new method related with study of scattering amplitudes of
particles created in colliding heavy ions beams.

It is related with special behaviour of scattering amplitudes near
1-st order phase transition
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“Light” and “Heavy” quarks phase diagrams
from scattering amplitudes. B=0

Density plots of logα(z;µ, T ) for light quarks and heavy quarks

This is predicted by Holographic QCD
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"Light"quarks phase diagrams

Density plots of logα(E;µ, T ) at different energy scales.
All values of E on the top of each panel show fixed value of energy E-coordinate.
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Automodel behaviour of Running coupling

α(T, µ) = fup(T
2 + cµ2)
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"Light"quarks phase diagrams. B ̸= 0

Density plots of logα(E;µ, T ) at different energy scales for cB = −0.05 GeV2.

I.A. A.Hajilou, A.Nikolaev, P.Slepov, 2407.11924
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Automodel behaviour of Running coupling

α(T, µ) = fbelow(T
2 + cµ2)
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Holographic QCD

Perturbation methods are not applicable to describe QCD phase diagram
Lattice methods do not work, because of problems with the chemical
potential.
Holographic QCD - phenomenological model(s)

One of goals of Holographic QCD – describe QCD phase diagram

Requirements:
reproduce the QCD results from perturbation theory at short distances
reproduce Lattice QCD results at large distances (∼ 1 fm) and small µB
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Holographic method -
phenomenological approach

Motivated by AdS/CFT duality Maldacena,1998

Temperature in QCD ⇐⇒ black hole temperature in (deform.)AdS

Thermalization in QCD ⇐⇒ formation of black hole in (deform.)AdS5

Thermalization models (black hole formation models):
colliding shock waves; the area of the trapped surface determines the
multiplicity
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Holographic model of an anisotropic plasma in a
magnetic field at a nonzero chemical potential

I.A, K. Rannu, P.Slepov, JHEP, 2021

S =

∫
d5x

√−g

[
R− f1(ϕ)

4
F 2
(1) −

fB(ϕ)

4
F 2
(B) −

1

2
∂Mϕ∂Mϕ− V (ϕ)

]
ds2 =

L2

z2
b(z)

[
− g(z) dt2 + dx2 + dy21 + ecBz2dy22 +

dz2

g(z)

]
A(1),m = At(z)δ0m, At(0) = µ, F(B) = dx ∧ dy1

Giataganas’13; IA, Golubtsova’14; Gürsoy, Järvinen ’19; Dudal et al.’19

b(z) = e2A(z) ⇔ quarks mass “Bottom-up approach”

Heavy quarks (b, t):
A(z) = −cz2/4 Andreev, Zakharov’06

A(z) = −cz2/4 + pz4 IA, Hajilou, Rannu, Slepov, 2305.06345
Light quarks (d, u)

A(z) = − a ln(bz2 + 1) Li, Yang, Yuan’17
φ - dilaton, α(z) = eφ(z) - running coupling in HQCD
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Running coupling in QCD
vs

running coupling in HQCD

α(z) = eφ(z) running coupling in HQCD, here φ - dilaton,
E. Kiritsis et al 1401.0888, 1805.01769

α = α(E) - running coupling in QCD
The energy scale as a function of the bulk coordinate z, corresponding to
the warp factor for light quark model

1 2 3 4 5
z [GeV-1]

2

4

6

8

10
E [GeV]

Energy scale E =

√
b(z)

z
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Holographic Equation of Motions

φ′′ + φ′

(
g′

g
+

3b′

2b
− 3

z
+ cBz

)
+

(
z

L

)2
∂f1

∂φ

(A′
t)

2

2bg
−
(

z

L

)2
∂fB

∂φ

q2B
2bg

= 0 ,

A′′
t +A′

t

(
b′

2b
+

f ′
1

f1
− 1

z
+ cBz

)
= 0 ,

g′′ + g′

(
3b′

2b
− 3

z
+ cBz

)
−
(

z

L

)2
f1(A′

t)
2

b
−
(

z

L

)2
q2B fB

b
= 0 ,

b′′ − 3(b′)2

2b
+

2b′

z
− 4b

3z2

(
− cBz2

2
− c2Bz4

2

)
+

b (φ′)2

3
= 0 ,

cBz2
(
2g′ + 3g

)(b′

b
− 4

3z
+

2cBz

3

)
−
(

z

L

)3
Lq2BfB

b
= 0 ,

b′′

b
+

(b′)2

2b2
+

3b′

b

(
g′

2g
− 2

z
+

2cBz

3

)
− g′

3zg

(
9− 3cBz2

)
− 2cB

3

(
5− cBz2

)
+

8

z2
+

g′′

3g
+

2

3

(
L

z

)2
bV

g
= 0 ,

We choose (LQ): f1 = e−cz2−A(z) = (1 + bz2)a e−cz2 ,
B.C.: At(0) = µ, At(zh) = 0; g(0) = 1, g(zh) = 0;φ(z0) = 0
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Holographic Running coupling
α(z) = eφ(z) I.A. A.Hajilou, P.Slepov, M.Usova, 2402.14512

Light Quark Model
φ(z) - dilaton field φ(z) is defined up to a constant: φ(z)

∣∣∣
z=z0

= 0.

There are 3 choices: a) z0 = 0 b) z0 = f(zh) c) z0 = zh

z0 = 10 exp[−zh/4] + 0.1

IA, K.Rannu, P.Slepov, JHEP’21
With this boundary condition the temperature dependence of σs fits the known
lattice data Cordaso, Bicudo 1111.1317
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Running coupling in HQCD. T = 0

{B(z), exp(ϕLNEW(z, 8))}

{B(z), exp(ϕLNEW(z, 8.76))}

0 2 4 6 8 10
E [GeV]

0.2

0.4

0.6

0.8

1.0
α

The holographic running coupling for light
quarks as a function of the energy scale at
T = 0. zh = 8.76 (blue), zh = 8 (darker red)

The energy scale E =

√
b(z)

z

0 20 40 60 80 100
E [GeV]0.00
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α

The holographic running coupling
approximated by the heavy quark solution for
large E (red line) and by the light quark
solution for small E (blue line) as a function of
the energy scale at T = 0. The yellow disk
shows the region where, for the hybrid model,
we expect corrections to the approximation by
solutions for light and heavy quarks at high
and low energies, respectively
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Holographic Running coupling for T ̸= 0, µ ̸= 0

I.A. A.Hajilou, P.Slepov, M.Usova, 2402.14512

Here z = 0 Light quark model
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Running coupling for Heavy Quark Model

The 3D-plot for coupling constant α = α
HQ

(z;µ, T ) for heavy quarks at z = 0.
Hadronic, QGP and quarkyonic phases are denoted by brown, blue and green
colors.
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Origin of 1-st order phase transition in HQCD. 1/3

LQ HQ
3D plot T = T (µ, zh). The brown part of the surface corresponds to the hadronic
phases, the blue one corresponds to the quark-gluon plasma and the green one to

the quarkyonic phase. 3D plot T = T (µ, zh)
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1-st order phase transition in HQCD. 2/3

2D plots in (µ, zh)-plane for light quarks (A) and heavy quarks (B). Hadronic, quarkyonic and
QGP phases are denoted by brown, green and blue, respectively. Solid gray lines show the

temperature indicated in rectangles. The intersection of the confinement/deconfinement and
1-st order phase transition lines is denoted by the blue stars. The magenta star indicates CEP
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Origin of 1-st order phase transition in HQCD. 3/3

LQ HQ
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Origin of 1-st order phase transition in HQCD
g(z) blackenning function. The form of g(z) depends on A(z).

Due non-monotonic dependence of T = T (zh) = g′(z)/4π
∣∣∣
z=zh

on zh,

the entropy s = s(T ) is not monotonic
As a consequence the free energy F =

∫
sdT undergoes the phase transition

1-st order phase transition describes transition
from small black holes → large black holes
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The swallow-tailed shape
Physical quantities that probe backgrounds are smooth relative to zh
⇒ their dependence on T should be taken from stable region
Non-monotonic dependence of T = T (zh) gives the 1-st PT for corresponding
characteristic of QCD
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Conclusion

Properties and behaviour of HQCD in (Q2, T, µ,B, ν,mq) space

INPUT
αs(Q

2) at large Q2

σst at large distance

OUTPUT
Phase structure in (T, µ)-plane
Dependence of phase structure in (T, µ)-plane on quark mass
Modification of phase structure with B, ν

Jumps of physical quantities, such as jet quenching, energy lost,
etc. on the 1-st order phase transition and dependence of jumps on B,
anisotropy
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Backup. The expected more detailed QCD phase
diagram

    Sym
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phase transition

transition
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Hadronic
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Parameter of the chiral symmetry breaking < ψ̄ψ >

< ψ̄ψ >= 0 ⇐⇒ χ-symmetry
< ψ̄ψ > ̸= 0 ⇐⇒ broken χ-symmetry
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Backup. The expected more detailed QCD phase
diagram
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Backup. β function

Beta-function β(α) for QCD at 2-loop level for
T = 0, µ = 0 at different Nc and Nf in red lines,
and holographic β-function for light quarks at
µ = 0, T = 0.003 (light blue) and heavy quarks
µ = 10−5, T = 0 (dark blue); [µ] = [T ] = GeV.

2-loops QCD β-function:

β(α) = −b0 α2 − b1 α
3,

b0 =
1

2π

(
11

3
Nc −

2

3
Nf

)

b1 =
1

8π2

(
34

3
N2

c −
(
13

3
Nc −

1

Nf

))
,

Nc # of colors, Nf #of flavors.

I.A, A. Hajilou, P. Slepov and M. Usova, arXiv:2407.14448
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