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Abstract

We present a unification scenario of the conformal and fuzzy gravities with
the internal interactions, based on the observation that the tangent space of a
curved space and the space itself do not necessarily have the same dimensions.
Accordingly, the construction is based on enlarging the tangent space, while it is
formulated in a gauge-theoretical way.

1. Introduction

The aim of constructing a unified scheme involving all interactions has been
in the centre of discussions in the physics community for many decades. It
started more than a century ago as an early vision of Kaluza and Klein [1,
2], who were trying to unify the known interactions at the time, namely
gravity and electromagnetism, by going to five dimensions. An interesting
revival of the Kaluza-Klein scheme started in the late sixties when it was
realised that non-abelian gauge groups, such as those that constitute the
well established, today, Standard Model (SM) of Particle Physics, appear
in addition to the U(1) of electromagnetism when one considers further ex-
tensions of the space dimensions [3–5]. Assuming that the total spacetime
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can be described as a direct product structure, MD = M4 × B, where M4

is the usual Minkowski spacetime and B is a compact Riemannian space
with a non-abelian isometry group S, the dimensional reduction of the the-
ory leads to gravity, coupled to a Yang-Mills theory with a gauge group
containing S and scalars in four dimensions. Therefore, a very attractive
geometrical unification of gravity with other interactions, potentially those
of the SM, could be achieved together with a natural explanation of the
gauge symmetries. Unfortunately though, serious problems exist in the
Kaluza-Klein framework; for instance, there is no classical ground state
corresponding to the direct product structure ofMD from the gravity part.
On the other hand, from the point of view of Particle Physics comes the
most serious problem, that is, after adding fermions to the original action,
it is impossible to obtain chiral fermions in four dimensions [6]. Eventu-
ally these problems are resolved by adding Yang-Mills fields in the original
gravity action, at the cost though of abandoning the attractive pure geo-
metric unification of all interactions. Accepting the fact that one has to
introduce Yang-Mills fields in higher dimensions, and considering that they
are part of a Grand Unified Theory (GUT) containing a Dirac one [7, 8],
the requirement of obtaining chiral fermions in four dimensions is reduced
to the demand that the total dimension of spacetime has to be of the form
4k + 2 (see e.g., ref. [9]).

During the last several decades the Superstring theories (see e.g., refs.
[10–12]) have dominated the research on extra dimensions. In particular,
heterotic string theory [13], defined in ten dimensions, was established as
the most promising one based on the fact that the SM gauge group and
its simple extensions could be accommodated into the GUTs that resulted
after the dimensional reduction of the theory, which originally contained an
E8 ×E8 gauge theory. However, it should be noted that before the formu-
lation of superstring theories, another framework had been developed that
focused on the dimensional reduction of higher-dimensional gauge theo-
ries, which provided another interesting alternative direction to explore
the unification of fundamental interactions [14–18]. The latter approach
to unify fundamental interactions, which shared common objectives with
the superstring theories, was first investigated by Forgacs-Manton (F-M)
and Scherk-Schwartz (S-S). F-M explored the concept of Coset Space Di-
mensional Reduction (CSDR) [14–17], which can naturally lead to chiral
fermions, while S-S focused on the group manifold reduction [19], which,
although it does not admit chiral fermions, its basic idea was used later as
a prototype in many superstring model building attempts. Recent develop-
ments within the CSDR framework and attempts towards realistic models
that can be confronted with experiment can be found in the refs. [20–27].

It should be added that, in the attempts to achieve the goal of uni-
fication of all interactions, another direction has been developed directly
in four dimensions, based on the obvious interface of the notion of gauge
invariance. Concretely, the SM of Particle Physics is clearly based on gauge
theories, while it is also long known that gravity may, too, be regarded as a
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gauge theory [28–37]. Therefore, the further examination of this relation-
ship appeared to be a very interesting challenge. One of the main reasons
for the renewed interest in this subject, before the superstrings period, was
the progress that was done in supergravity theories (see e.g. [38, 39]),
which can be regarded very profitably as gauge theories. More recently,
the interest was also directed towards noncommutative gravity [40–47].

Weyl [48, 49] was the first to associate electromagnetism with the phase
transformations of the electron field, and the first to develop the vierbein
formalism, which appears to be very useful in gauge theories of gravity.
A crucial step in the development of gravity as a gauge theory was done
by Utiyama [28], who demonstrated that gravity might be regarded as a
gauge theory of the Lorentz group SO(1, 3), i.e. the spin connection could
be treated as the gauge field of the theory, although the vierbein was in-
troduced in a rather ad hoc way. The latter weakness was improved by
Kibble [29] and Sciama [30] who, instead, considered the gauging of the
Poincare group. A further, more elegant development of the theory was
done by Stelle and West [36, 37], who identified the spin connection and
the veilbein as parts of the gauge fields of the de Sitter (dS) SO(1, 4), or
the Anti-de Sitter (AdS) group SO(2, 3), which were spontaneously broken
by a scalar field to the Lorentz SO(1, 3) group. It is also worth noting that
the gauge theory of the conformal group SO(2, 4) was used in constructing
Weyl Gravity (WG) [50–52], Fuzzy Gravity (FG) [41–47], and its super-
symmetric extension, the superconformal group, in N = 1 supergravity
[38, 50]. Extensive studies on WG have also been done from other points
of view (see e.g. [52–58]).

Another interesting and more direct suggestion, towards unifying grav-
ity as gauge theory with the other known interactions described by GUTs,
has been suggested in the past [59, 60] and revived recently [61–68]. It is
based on the observation that the tangent group of a curved manifold does
not necessarily have the same dimension as the manifold [61]. This possibil-
ity opens the very interesting avenue that one can consider higher than four
dimensional tangent groups in a four-dimensional spacetime and possibly
achieve unification of gravity with internal interactions by gauging these
higher-dimensional tangent groups. Then, to a great extent, the machin-
ery that has been developed to examine higher-dimensional theories with
extra physical space dimensions, such as those used in the CSDR scheme
[9, 14–19, 23–27], can be transferred to the four-dimensional constructions,
since they have the same tangent group. Examples of the latter are the
constraints, such as the Weyl condition, that have to be imposed in the
higher-dimensional theories in order to result in realistic four-dimensional
chiral theories describing the internal interactions after the dimensional re-
duction [9, 17]. Similarly, the imposition of the Majorana condition, in
addition to the Weyl, is needed in the extra-dimensional theories, in order
to avoid a possible doubling of the spectrum of the reduced chiral theories
[9, 17]. Along this outlined direction, a unification of the gauge conformal
group with those of the internal interactions has recently been constructed
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[51, 68]. Subsequently, this construction was extended to the unification of
the gauge conformal group on a covariant, noncommutative (fuzzy) space
with internal interactions [47].

Consequently, we shall also present our gauge-theoretic construction
of the four-dimensional matrix model of noncommutative gravity that has
been done so far. In order to build a noncommutative gauge theory, a
background noncommutative space is required to accommodate it (for a
review, see e.g., ref. [45]). Therefore, first we focus on the construction of a
four-dimensional covariant noncommutative space, which plays the role of
the background space, and then we present the gravity model, constructed
as a noncommutative gauge theory on the above space.

It should be emphasised that formulating gravity in the noncommu-
tative framework is a quite difficult task, given that and common non-
commutative deformations break Lorentz invariance. It is very interesting
though to note that there are known certain types of deformations consti-
tuting a class of covariant noncommutative spacetimes, which preserve the
spacetime isometries. The basic characteristic of this class of noncommu-
tative spaces is that the generators of the used Lie algebra, in principle
related to the isometries of the spacetimes, are identified with the coor-
dinates. In this way, it is natural to obtain coordinate noncommutativity
as well as covariance. Snyder [69] was the first to associate the position
operators with elements of a Lie algebra already in 1947 and constructed
this way a Lorentz invariant and discrete spacetime due to the introduced
unit length in his construction. Snyder’s position operators belong to the
four-dimensional de Sitter algebra, SO(1, 4). Then Yang [70] enlarged the
SO(1, 4) to SO(1, 5) aiming to allow for continuous translations in Snyder’s
framework, while finally Kastrup [71] further enlarged the starting Lie alge-
bra to the four-dimensional conformal one, SO(2, 4). In the recent years the
above early works were reconsidered in the framework of noncommutative
geometry, with possible applications in string theory, by Heckman-Verlinde
[72], where the authors build a general conformal field theory defined on
covariant noncommutative versions of the four-dimensional de Sitter (dS)
or anti-de Sitter (AdS) spacetime. Therefore, covariant noncommutative
spacetimes appear to overcome the problem of breaking Lorentz invariance,
with which the constructions of the most common noncommutative spaces
were usually confronted. They preserve Lorentz invariance, providing more-
over a short-distance cutoff. In our constructions, we took a natural step
further, promoting the Lorentz invariance of the covariant noncommuta-
tive spacetime to an associated local symmetry, which can describe the
corresponding gravity theory on such a space [41–44].

A very interesting and relatively simple noncommutative space is the
Fuzzy Sphere, S2

F , which is the discrete matrix approximation of the ordi-
nary, continuous, sphere, S2, with the property of preserving its isometries
[73], i.e. the Fuzzy Sphere is also covariant. Unfortunately, the Fuzzy
Sphere cannot be extended in higher dimensions in a straightforward way.
Nevertheless, the suggestion resulting from the past experience described
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above, is that in order to formulate a fuzzy covariant noncommutative
space, one has to employ a wider symmetry, containing all generators of
the isometry of the continuous one, identified as coordinates of the non-
commutative space under construction. Then in the case of the fuzzy four-
dimensional de Sitter spacetime, dS4, that has been constructed, instead of
using the algebra of its isometry group generators, SO(1, 4), we have con-
sidered a larger one in which the latter could be embedded. The simplest
enlarged algebras of SO(1, 4) are the SO(1, 5) and the conformal, SO(2, 4).
For instance, the algebra SO(1, 5) contains all the generators of the subal-
gebra SO(1, 4) and the commutation relations of the latter are covariant as
seen in the larger group. This is the way, along which we have successfully
constructed a four-dimensional FG theory [42, 44–46].

In the present article, we review the basic features of Conformal Gravity
(CG) and FG as well as their Unification with internal interactions based
on SO(10) GUT [47, 51] (see also [74]).

2. Conformal Gravity

As was discussed in Section 1., Einstein Gravity (EG) has been treated as
the gauge theory of the Poincaré group, though much insight and elegance
was gained by considering instead the gauging of the dS, SO(1, 4), and the
AdS, SO(2, 3). Both of these groups contain the same number of generators
as the Poincaré group, i.e. 10, and can be spontaneously broken by a scalar
field to the Lorentz group, SO(1, 3) [36, 37, 43, 51]. The Poincaré, the
dS and the AdS groups are all subgroups of the conformal group SO(2, 4),
which has 15 generators and is the group of transformations on space-
time which leave invariant the null interval ds2 = ηµνdx

µdxν = 0. In ref
[75] the gauge theory formalism of Gravity was extended to the conformal
group constructing in this way the CG. The breaking of CG to EG or
to Weyl’s scale invariant theory of gravity was done via the imposition
of constraints (see e.g. [75]). However, in ref [51], for the first time, the
breaking of the conformal gauge group was done spontaneously, induced by
the introduction of a scalar field in the action, which obtains non-vanishing
vev, using the Lagrange multiplier method.

2.1. Spontaneous symmetry breaking

The gauge group, SO(2, 4), consists of fifteen generators. In four-dimen-
sional notation they correspond to six Lorentz transformations, Mab, four
translations, Pa, four special conformal transformations (conformal boosts),
Ka, as well as the dilatation, D.

The gauge connection, Aµ, as an element of the SO(2, 4) algebra, can
be expanded in terms of the generators as

Aµ =
1

2
ωµ

abMab + eµ
aPa + bµ

aKa + ãµD, (1)
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where, for each generator a gauge field has been introduced. The gauge
field related to the translations is identified as the vierbein, while the one
of the Lorentz transformations is identified as the spin connection. The
field strength tensor is of the form

Fµν =
1

2
Rµν

abMab + R̃µν
aPa +Rµν

aKa +RµνD, (2)

where

Rµν
ab = ∂µων

ab − ∂νωµ
ab − ωµ

acωνc
b + ων

acωµc
b − 8e[µ

[abν]
b]

= R(0)ab
µν − 8e[µ

[abν]
b],

R̃µν
a = ∂µeν

a − ∂νeµa + ωµ
abeνb − ων

abeµb − 2ã[µeν]
a

= T (0)a
µν (e)− 2ã[µeν]

a,

Rµν
a = ∂µbν

a − ∂νbµa + ωµ
abbνb − ων

abbµb + 2ã[µbν]
a

= T (0)a
µν (b) + 2ã[µbν]

a,

Rµν = ∂µãν − ∂ν ãµ + 4e[µ
abν]a,

(3)

where T
(0)a
µν (e) and R

(0)ab
µν are the torsion and curvature component ten-

sors in the four-dimensional vierbein formalism of General Relativity (GR),

while T
(0)a
µν (b) is the torsion tensor related to the gauge field bµ

a.
We shall start by choosing the parity conserving action, which is quad-

ratic in terms of the field strength tensor (2), in which we have introduced
a scalar that belongs to the adjoint rep, 15, of SO(6) ∼ SO(2, 4) along with
a dimensionful parameter, m:

SSO(2,4) = aCG

∫
d4x[tr ϵµνρσmϕFµνFρσ + (ϕ2 −m−214)], (4)

where the trace is defined as tr→ ϵabcd[Generators]abcd.
The scalar expanded on the generators is:

ϕ = ϕabMab + ϕ̃aPa + ϕaKa + ϕ̃D, (5)

In accordance with [76], we pick the specific gauge in which ϕ is diagonal
of the form diag(1, 1,−1,−1). Specifically we choose ϕ to be only in the
direction of the dilatation generator D:

ϕ = ϕ0 = ϕ̃D
ϕ2=m−214−−−−−−−→ ϕ = −2m−1D. (6)

In this particular gauge the action reduces to

S = −2aCG

∫
d4x tr ϵµνρσFµνFρσD, (7)
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and the gauge fields e, b and ã become scaled as me,mb and mã corre-
spondingly. After straightforward calculations, using the expansion of the
field strength tensor as in eq. (2), and the anticommutation relations of
the generators, we obtain:

S = −2aCG

∫
d4x tr ϵµνρσ

[1
4
Rµν

abRρσ
cdMabMcdD+

+iϵabcd(Rµν
abRρσ

cKdD −Rµν
abR̃ρσ

cP dD)+

+(
1

2
R̃µν

aRρσ + 2R̃µν
aRρσ

b)Mab+

+(
1

4
RµνRρσ − 2R̃µν

aRρσa)D
]
.

(8)

In this point we employ the trace on the several generators and their prod-
ucts. In particular:

tr[KdD] = tr[P dD] = tr[Mab] = tr[D] = 0,

and tr[MabMcdD] = −1

2
ϵabcd.

(9)

The resulting broken action is:

SSO(1,3) =
aCG

4

∫
d4xϵµνρσϵabcdRµν

abRρσ
cd, (10)

while its invariance has obviously been reduced only to Lorentz. Before
continuing, we notice that there is no term containing the field ãµ present
in the action. Thus, we may set ãµ = 0. This simplifies the form of the two
component field strength tensors related to the P and K generators:

R̃µν
a = mT (0)a

µν (e)− 2m2ã[µeν]
a −→ mT (0)a

µν (e),

Rµν
a = mT (0)a

µν (b) + 2m2ã[µbν]
a −→ mT (0)a

µν (b).
(11)

The absence of the above field strength tensors in the action, allows us to
also set R̃µν

a = Rµν
a = 0, and thus to obtain a torsion-free theory. Since

Rµν is also absent from the expression of the broken action, it may also
be set equal to zero. From its definition in eq. (3), then we obtain the
following relation among e and b:

eµ
abνa − eνabµa = 0. (12)

The above result reinforces one to consider solutions that relate e and b.
We examine two possible solutions of eq. (12).
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When bµ
a = aeµ

a - Einstein-Hilbert (E-H) action in the presence
of a cosmological constant

In this case, first proposed in [77], by a simple substitution we obtain:

SSO(1,3) =
aCG

4

∫
d4xϵµνρσϵabcd

[
R(0)ab

µν − 4m2a
(
eµ

aeν
b − eµbeνa

)]

[
R(0)cd

ρσ − 4m2a
(
eρ

ceσ
d − eρdeσc

)]
−→

SSO(1,3) =
aCG

4

∫
d4xϵµνρσϵabcd[R

(0)ab
µν − 8m2aeµ

aeν
b]

[
R(0)cd

ρσ − 8m2aeρ
ceσ

d
]
,

(13)
which yields

SSO(1,3) =
aCG

4

∫
d4xϵµνρσϵabcd[R

(0)ab
µν R(0)cd

ρσ − 16m2aR(0)ab
µν eρ

ceσ
d+

+64m4a2eµ
aeν

beρ
ceσ

d].

(14)

This action consists of three terms: a Gauss-Bonnet topological term,
the E-H action, and a cosmological constant term. For a < 0, the above
describes GR in AdS space.

When bµ
a = −1

4(Rµ
a − 1

6Reµ
a) - Weyl action

This relation between b and e, which is again a solution of (12), was sug-
gested in refs [75] and [38]. Taking this into account we obtain the following
action:

SW =
aCG

4

∫
d4xϵµνρσϵabcd

[
R(0)ab

µν +
1

2

(
meµ

[aRν
b] −meν [aRµ

b]
)
− 1

3
m2Reµ

[aeν
b]

]

[
R(0)cd

ρσ +
1

2

(
meρ

[cRσ
d] −meσ [cRρ

d]
)
− 1

3
m2Reρ

[ceσ
d]

]
.

(15)

Considering the rescaled vierbein ẽµ
a = meµ

a and recalling that R
(0)ab
µν =

−R(0)ab
νµ , we obtain

SW =
aCG

4

∫
d4xϵµνρσϵabcd

[
R(0)ab

µν − 1

2

(
ẽµ

[aRν
b] − ẽν [aRµ

b]
)
+

1

3
Rẽµ

[aẽν
b]

]

[
R(0)cd

ρσ − 1

2

(
ẽρ

[cRσ
d] − ẽσ [cRρ

d]
)
+

1

3
Rẽρ

[cẽσ
d]

]
,

(16)
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which is equal to

SW =
aCG

4

∫
d4xϵµνρσϵabcdCµν

abCρσ
cd, (17)

where Cµν
ab is the Weyl conformal tensor. This action leads to the well-

know four-dimensional scale invariant Weyl action,

SW = 2aCG

∫
d4x

(
RµνR

νµ − 1

3
R2

)
. (18)

3. Noncommutative Gauge Theory of 4D Gravity - Fuzzy
Gravity

3.1. The Background Space

Before we move on with the gauge theory of FG, we will first have to
establish the background space, on which this theory will be formulated.
In refs [42, 44, 45, 70, 72] extending the original Snyder’s suggestion [69]
the authors have considered the group the SO(1, 5) and have assigned the
4-d spacetime coordinates to elements of its Lie algebra.

More specifically starting with the group SO(1, 5), whose generators
obey the following Lie algebra:

[Jmn, Jrs] = i (ηmrJns + ηnsJmr − ηnrJms − ηmsJnr) , (19)

where m,n, r, r = 0, . . . , 5, and ηmn = diag(−1, 1, 1, 1, 1, 1). Performing the
decompositions of SO(1, 5) to its maximal subgroups, up to SO(1, 3), i.e.,
SO(1, 5) ⊃ SO(1, 4) and SO(1, 4) ⊃ SO(1, 3), turns the above commuta-
tion relation to the following:

[Jij , Jkl] = i (ηikJjl + ηjlJik − ηjkJil − ηilJjk) ,
[Jij , Jk5] = i (ηikJj5 − ηjkJi5) ,

[Ji5, Jj5] = iJij ,

[Jij , Jk4] = i (ηikJj4 − ηjkJi4) ,
[Ji4, Jj4] = iJij ,

[Ji4, Jj5] = iηijJ45,

[Jij , J45] = 0,

[Ji4, J45] = −iJi5,
[Ji5, J45] = iJi4.

(20)

Next one may convert the generators to physical quantities by setting

Θij = ℏJij , and Xi = λJi5, (21)
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where λ is a natural unit of length, and furthermore identify the momenta
as

Pi =
ℏ
λ
Ji4, (22)

and set h = J45. Then given these identifications and the commutation
relations above, one obtains:

[Θij ,Θkl] = iℏ (ηikΘjl + ηjlΘik − ηjkΘil − ηilΘjk) ,

[Θij , Xk] = iℏ (ηikXj − ηjkXi) ,

[Θij , Pk] = iℏ (ηikPj − ηjkPi) ,

[Xi, Xj ] =
iλ2

ℏ
Θij , [Xi, Pj ] = iℏηijh, [Pi, Pj ] =

iℏ
λ2

Θij ,

[Xi, h] =
iλ2

ℏ
Pi, [Pi, h] = −

iℏ
λ2
Xi, [Θij , h] = 0.

(23)

From the above relations, it becomes clear that one is led to the follow-
ing significant results. First since the coordinates as well as the momenta
are elements of this Lie algebra, they exhibit a noncommutative behav-
ior, implying that both the space-time and the momentum space become
quantized. In addition it becomes evident that the commutation relation
between coordinates and momenta naturally yields a Heisenberg-type un-
certainty relation.

3.2. Gauge Group and Representation

Starting with the formulation of a gauge theory for gravity in the space
mentioned above, we first have to determine the group that will be gauged.
Naturally, the group we will choose is the one that describes the symme-
tries of the theory, in this case, the isometry group of dS4, SO(1, 4). Since,
as shown in refs. [42, 44], in noncommutative gauge theories the use of
anticommutators of the algebra generators is inevitable, and since the an-
ticommutators of the generators of either of the above isometry group do
not necessarily yield elements that belong in the same algebra, we have to
take into account the closing of the anticommutators of the relevant gauge
group generators. In order to achieve that, we have to pick a specific rep-
resentation of the algebra generators, and subsequently extend the initial
gauge group to one with larger symmetry, in which both the commutator
and anticommutator algebras close. Following this procedure, we are led
to the extension of our initial gauge group SO(1, 4) to SO(2, 4)× U(1).

3.3. Fuzzy Gravity

Since we have already determined the appropriate gauge group of the the-
ory, we are now able to move on with the gauging procedure on the fuzzy
space that was presented above. Following the steps described in [42], we
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firstly have to introduce the covariant coordinate of the theory, which is
defined as:

Xµ = Xµ ⊗ 14 +Aµ(X) , (24)

where Aµ is the gauge connection of the theory. The gauge connection can,
in turn, be expanded on the gauge group generators as:

Aµ = aµ ⊗ 14 + ωµ
ab ⊗Mab + eµ

a ⊗ Pa + bµ
a ⊗Ka + ãµ ⊗D . (25)

Given the above expansion (25), the explicit form of the covariant coordi-
nate (24) can be written down as:

Xµ = (Xµ + aµ)⊗ 14 + ωµ
ab ⊗Mab + eµ

a ⊗ Pa + bµ
a ⊗Ka + ãµ ⊗D . (26)

At this point, what remains to be determined is the appropriate covariant
field strength tensor for the theory. In the case of noncommutativity, the
latter is defined as [42, 73]:

F̂µν ≡ [Xµ,Xν ]− κ2Θ̂µν , (27)

where Θ̂µν ≡ Θµν + Bµν , in which Bµν is a 2-form field taking care of

the transformation of Θ, promoting it to its covariant form. Since F̂µν is
an element of the gauge algebra it can also be expanded on the algebra’s
generators as

F̂µν = Rµν⊗14+
1

2
Rµν

ab⊗Mab+ R̃µν
a⊗Pa+Rµν

a⊗Ka+ R̃µν⊗D . (28)

The SSB goes along the same lines as the one described in the case of
Conformal Gravity, i.e. we introduce a scalar field, Φ(X), belonging the
2nd rank antisymmetric rep of SO(2, 4), in the action and fix it in the gauge
that leads to the Lorentz group (see [42, 44, 51]). This scalar field must be
charged under the U(1) gauge symmetry so that the U(1) part breaks and
it doesn’t appears in the final symmetry. Introducing the scalar field, the
action takes the form:

S = Trtr
[
λΦ(X)εµνρσF̂µνF̂ρσ + η

(
Φ(X)2 − λ−21N ⊗ 14

) ]
, (29)

where the first trace is over the coordinate matrices, the second is over
the generators of the gauge group, η is a Lagrange multiplier, and λ is a
dimensionfull parameter. The scalar field itself is also an element of the
gauge group, and hence can be expanded on its generators, as

Φ(X) = ϕ(X)⊗ 14 + ϕab(X)⊗Mab + ϕ̃a(X)⊗ Pa+

+ ϕa(X)⊗Ka + ϕ̃(X)⊗D.
(30)
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As mentioned above, just like in our previous works [42, 44, 51], we gauge-
fix the scalar field into the dilatation direction:

Φ(X) = ϕ̃(X)⊗D
∣∣∣
ϕ̃=−2λ−1

= −2λ−11N ⊗D. (31)

On-shell, when the above equation holds, the aforementioned action reduces
to the following form:

Sbr = Tr

(√
2

4
εabcdRmn

abRrs
cd − 4RmnR̃rs

)
εmnrs, (32)

while any other term, along with the Lagrange multiplier, has vanished due
to the gauge fixing. This resulting action now bears the remaining SO(1, 3)
gauge symmetry, following the SSB. Moreover, when the commutative limit
of the above action is considered (for details, see [44]), it reduces to the
Palatini action, which in turn is equivalent to EG, with a cosmological
constant term present.

4. Unification of Conformal and Fuzzy Gravities with Inter-
nal Interactions, Fermions and Breakings

In [51], it was suggested that the unification of the CG with internal in-
teractions based on a framework that results in the GUT SO(10) could
be achieved using the SO(2, 16) as unifying gauge group. As it was em-
phasized in Section 1. the whole strategy was based on the observation
that the dimension of the tangent space is not necessarily equal to the di-
mension of the corresponding curved manifold [47, 59–68]. An additional
fundamental observation [51] is that in the case of SO(2, 16) one can impose
Weyl and Majorana conditions on fermions [78, 79]. More specifically, using
Euclidean signature for simplicity (the implications of using non-compact
space are explicitly discussed in [51]), one starts with SO(18) and with the
fermions in its spinor representation, 256. Then the SSB of SO(18) leads
to its maximal subgroup SO(6)×SO(12). Let us recall for convenience the
branching rules of the relevant reps [76, 80, 81],

SO(18) ⊃ SO(6)× SO(12)

256 = (4, 32) + (4, 32) spinor

170 = (1, 1) + (6, 12) +
(
20′, 1

)
+ (1, 77) 2nd rank symmetric

(33)

The breaking of SO(18) to SO(6) × SO(12) is done by giving a vev to
the ⟨1, 1⟩ component of a scalar in the 170 rep. In turn, given that the
Majorana condition can be imposed, due to the non-compactness of the
used SO(2, 16) ∼ SO(18), we are led after the SSB to the SO(6)×SO(12)
gauge theory with fermions in the (4, 32) representation. Then, according to
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[51], the following SSBs can be achieved by using scalars in the appropriate
representations

SO(6)→ SU(2)× SU(2), (34)

in the CG sector, and

SO(12)→ SO(10)× [U(1)]global (35)

in the internal gauge symmetry sector, with fermions in the 16L(−1) under
the SO(10) × [U(1)]global. The other generations are introduced as usual
with more chiral fermions in the 256 rep of SO(18). We choose scalars in
the 2nd rank antisymmetric 15 rep of SO(6) to break the CG gauge group,
while the internal interactions gauge group SO(12) is broken spontaneously
by scalars in the 77 rep. The 15 rep can be drawn from the SO(18) rep
153:

153 = (15, 1) + (6, 12) + (1, 66), (36)

while from 33 we see that the 77 rep can result from a 170 rep of the parent
group. Thus, in SO(6) × SO(12) notation, the scalars breaking the two
gauge groups belong to (15, 1) and (1, 77), respectively. According to the
above picture we start from some high scale where the SO(18) gauge group
breaks, eventually obtaining EG and SO(10) × [U(1)]global after several
symmetry breakings. From that point, we use the symmetry breaking paths
and field content followed in [67], in order to finally arrive at the SM. In
particular, the SO(10) group breaks spontaneously into an intermediate
group which eventually breaks into the SM gauge group. The intermediate
groups are the Pati-Salam (PS) gauge group, SU(4)C ×SU(2)L×SU(2)R,
with or without a discrete left-right symmetry, D, and the minimal left-
right gauge group (LR), SU(3)C × SU(2)L × SU(2)R × U(1)B−L, again
with or without the discrete left-right symmetry. We will denote the four
intermediate gauge groups as 422, 422D, 3221 and 3221D, respectively. The
SO(10) group breaks with a scalar 210 into the 422 and the 3221D groups,
with a scalar 54 into 422 and with a scalar 45 into 3221. The spontaneous
breaking into the SM gauge group from each and every intermediate group
is achieved with scalars that are accommodated in a 126 rep (still in SO(10)
language), while the Higgs boson necessary for the electroweak breaking
will be accommodated in a 10 rep. We will call the scale at which the
SO(10) gauge group breaks GUT scale, MGUT , in the sense that all three
gauge couplings are unified at that scale, while we will call the scale at
which the 422(D)/3221(D) groups break intermediate scale, MI . Thus,
the consecutive breakings in each case can be seen in Table 1.
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422 : SO(10)|MGUT

⟨210H⟩−−−−−−→ SU(4)C × SU(2)R × SU(2)R|MI

⟨126H⟩−−−−−−→ SM

422D : SO(10)|MGUT

⟨54H⟩−−−−−→ SU(4)C × SU(2)R × SU(2)R × D|MI

⟨126H⟩−−−−−−→ SM

3221 : SO(10)|MGUT

⟨45H⟩−−−−−→ SU(3)C × SU(2)L × SU(2)R × U(1)B−L

∣∣
MI

⟨126H⟩−−−−−−→ SM

3221D : SO(10)|MGUT

⟨210H⟩
−−−−−−→ SU(3)C × SU(2)L × SU(2)R × U(1)B−L × D|MI

⟨126H⟩−−−−−−→ SM

Table 1: Cases of consecutive breakings of SO(10) to SM.

Considering the branching rules of:

SO(12) ⊃ SO(10)× [U(1)]global
12 = (1)(2) + (1)(−2) + (10)(0)

66 = (1)(0) + (10)(2) + (10)(−2) + (45)(0)

77 = (1)(4) + (1)(0) + (1)(−4) + (10)(2) + (10)(−2) + (54)(0)

495 = (45)(0) + (120)(2) + (120)(−2) + (210)(0)

792 = (120)(0) + (126)(0) + (126)(0) + (210)(2) + (210)(−2),

(37)

we choose accommodate the Higgs 10 rep into 12 of SO(12) and the 126
that breaks the intermediate gauge group into 792. Regarding the four
different breaking scenaria, 45 will come from 66, 54 from 77 and 210 from
792. Examining the SO(18) following branching rules:

SO(18) ⊃SO(6)× SO(12)

18 =(6, 1) + (1, 12)

3060 =(15, 1) + (10, 12) + (10, 12) + (15, 66) + (6, 220) + (1, 495)

8568 =(6, 1) + (15, 12) + (10, 66) + (10, 66)+

+ (15, 220) + (6, 495) + (1, 792),

(38)

and taking into account the branching rules of eqs. (33) and (36), we
make the following choices regarding the SO(12) reps: 12 comes from 18
of SO(18), 792 from 8568, 66 from 153, 495 from a 3060 and 77 from 170.

We would like to add a comment about the case of FG. As it was
explained in [47], when attempting to unify FG with internal interactions,
along the lines of Unification of Conformal Gravity with SO(10) [51], the
difficulties that in principle one is facing are that fermions should (a) be
chiral in order to have a chance to survive in low energies and not receive
masses as the Planck scale, (b) appear in a matrix representation, since
the constructed FG is a matrix model. Then it was suggested [47] and
given that the Majorana condition can be imposed, a solution satisfying
the conditions (a) and (b) above is the following. We choose to start with
SO(6) × SO(12) as the initial gauge theory with fermions in the (4, 32)
representation satisfying in this way the criteria to obtain chiral fermions
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in tensorial representation of a fuzzy space. Another important point is
that using the gauge-theoretic formulation of gravity to construct the FG
model, one is led to gauge the SO(6)×U(1) ∼ SO(2, 4)×U(1). Therefore,
from this point of view, there only exists a small difference in comparison
to the CG case.

5. Conclusions

In a previous paper [51], a potentially realistic model was constructed based
on the idea that the unification of gravity and internal interactions in four
dimensions can be achieved by gauging an enlarged tangent Lorentz group.
This possibility was based on the observation that the dimension of the tan-
gent space is not necessarily equal to the dimension of the corresponding
curved manifold. In [51], due to the very interesting fact that gravitational
theories can be described by gauge theories, CG was firstly constructed in a
gauge theoretic manner by gauging the SO(2, 4) group. Of particular inter-
est was the fact that the spontaneous symmetry breaking of the constructed
CG could lead, among others, to the EG and the WG. Then it is was pos-
sible to unify the CG with internal interactions based on the SO(10) GUT
(after breaking of SO(12)), using the higher-dimensional tangent group
SO(2, 16). Including fermions and suitably applying the Weyl and Majo-
rana conditions led to a fully unified scheme, which was further examined
concerning its behaviour in low energies in ref [74]. A similar analysis was
done for the FG case, in ref [47], starting from the SO(2, 4)×SO(12), with
fermions in the (4, 3̄2).
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