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Abstract

We review the approach to quantum gravity which is based on the assumption
that the short-distance structure of the spacetime is given by a piecewise flat
manifold corresponding to a triangulation of a smooth manifold. We then describe
the coupling of the Standard Model to this quantum gravity theory and show that
the corresponding path integral is finite when the negative power of the product of
the edge lengths squared in the path-integral measure is chossen to be grater than
52,5. The implications of this result are discussed, which include a relationship
between the effective action and a wavefunction of the universe, the existence of the
non-perturbative effective action, the correct value of the cosmological constant
and the natural appearence of the Starobinsky inflation.

1. Introduction

The simplest approach to formulating a quantum theory of gravity is to pro-
mote the spacetime metric into a Hermitian operator on a given 4-manifold
M , which has a simple topolgy of Σ × R, and then apply the canonical
or the quantum field theory (QFT) quantization procedure in a straight-
forward manner, see [1]. However, as is well known, the straightforward
quantization approach fails. By modifying the straightforward canonical
quantization procedure, one can make some advances, as in the case of
Loop Quantum Gravity (LQG) [2], but these advances are still not suffi-
cent to construct a satisfactory quantum gravity (QG) theory. In the QFT
approach, the problem of the perturbative non-renormalizability of General
Relativity (GR) can be avoided by trying to implement a non-perturbative
renormalizability based on the asympthotic safety from QFT, which is the
Asymptotically Safe Quantum Gravity (ASQG) approach [3]. However,
there is no a general proof of the existence of the non-perturbative renor-
malizability in GR QFT, so that ASQG is based on an unproven conjecture.
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In the case of string theory [4, 5], one has a novelty regarding the
quantization procedure. Namely, in string theory it is assumed that the
short-distance structure of the spacetime is given by a loop super-manifold
which is based on a ten-dimensional spacetime manifold. This means that
the short-distance (high-energy) structure of the spacetime is not the same
as the long-distance one, which is a 4-manifold, and this is the reason why
the string theory transition amplitudes are finite. However, the problem
with string theory is that nobody has succeded to recover the Standard
Model (SM) in the low-energy limit of the theory. Another problem for
string theory is the fact that the observed cosmological constant (CC) is
positive, while the string theory is naturally defined for a zero or a negative
cosmological constant.

Before string theory and LQG, Regge started the sistematic study of
how to construct the GR path integral (PI) by using a piecewise linear (PL)
manifold T (M) which is based on a triangulation of a smooth manifold M
[6]. This gave rise to the Regge calculus (RC) approach [7] and the main
difficulty in the RC approach is how to obtain the smooth-manifold limit.
In addition, it is not clear how to construct a finite path integral for the PL
manifold T (M), since in the RC approach one considers the Euclidean GR
and only a trivial PI measure is used. The RC approach evolved into the
spin foam (SF) models [8] and the causal dynamical triangulations (CDT)
approach [9]. Both of these approaches have made advances regarding the
problem of the path integral finiteness; however, the smooth-manifold limit
has been addressed only in the CDT approach. Hence in the SF approach
the problem of the smooth-manifold limit remains unsolved, while in the
CDT approach, one can only perform numerical simulations, so that there
are no exact results.

In this paper we will describe the piecewise flat quantum gravity (PFQG)
approach [13, 14, 15], which is based on the Regge path integral. However,
the crucial diference is the structure of the spacetime in the PFQG ap-
proach. While in the RC approach the piecewise flat manifold T (M) is
considered as an auxilliary tool, which only serves to define the path in-
tegral in the smooth-manifold limit, in the PFQG case the PL manifold
T (M) is considered as the physical spacetime, which is revaled at short dis-
tances. The smooth manifold M is then only an approximation in PFQG,
which appears at larger distances. We will also explain how a PFQG theory
satisfies the minimal requirements for a QG theory, i.e. that it is mathemat-
ically well-defined and that its classical limit is given by the GR coupled to
the SM on a four-dimensional (4d) smooth spacetime, while the quantum
corrections are given by the corresponding QFT with a physical cutoff.

2. A QG theory definition

Let us consider a 4d manifold M = Σ × [0, t], where Σ is a 3d manifold.
Let g be a metric on M and let ϕ denote a collection of matter fields on
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M . A QG theory can be defined as a map

(M, g, ϕ)→ (M̂, ĝ, ϕ̂) , (1)

where ĝ and ϕ̂ are hermitian operators on some Hilbert space HΣ which
is associated with the 3-manifold Σ. M̂ is the quantum spacetime, which
could be M , or some larger space, as is the case in string theory. Note
that in canonical LQG and in ASQG it is assumed that M̂ = M , while in
the case of SF models and CDT one starts with M̂ = T (M), but one then
has to perform the smooth-manifold limit T (M)→M . In the PFQG case

M̂ = T (M).
Beside the map (1), one should also be able to construct an evolution

operator Û(t) such that

|ΨΣ(t)⟩ = Û(t)|ΨΣ(0)⟩ , (2)

where ΨΣ ∈ HΣ.
A satisfactory QG theory should also have the semi-classical states

|ΨΣ,p0,q0(t)⟩ such that

⟨ΨΣ,p0,q0(t)| q̂ |ΨΣ,p0,q0(t)⟩ = q0(t)

[
1 +O

(
ℏ

S0(t0)

)]
, (3)

and

⟨ΨΣ,p0,q0(t)| p̂ |ΨΣ,p0,q0(t)⟩ = p0(t)

[
1 +O

(
ℏ

S0(t0)

)]
, (4)

where

S0(t) =

∫ t

0
dτ (p0q̇0 −H(p0, q0, τ)) , (5)

is the classical action of our QG theory. Here (p, q) denote the inde-
pendent canonical coordinates and momenta of the classical action, while
(p0(t), q0(t)) denotes a solution of the classical equations of motion (EOM).
The time t0 is a characteristic timescale of the problem considered.

Now we can describe more precisely the problems of the well-known
candidate QG theories. In the case of the standard QFT quantization of GR
coupled to SM, the operator Û(t) is not well-defined because of perturbative
non-renormalizability of GR. In the case of ASQG approach there is no
proof that Û(t) exists. In the CDT case, there are only approximative

expressions for Û(t) and it is not clear what is the exact Û(t). The same
applies to SF models and canonical LQG. Furthermore, the semiclassical
states are not known in LQG, so that it is not clear how to recover the SM
QFT.
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In the case of string theory, Û(t) is well defined perturbatively, and the
semiclassical states can be constructed. However, the main problem is how
to obtain the correct classical limit, which is GR coupled to the SM.

In the PFQG case, M̂ = T (M) and for a compact M and a finite tri-
angulation the number of degrees od freedom (DOF) is finite, because the
DOF are the edge lengths and the matter fields values at the vertices of
T (M). When M is a non-compact manifold, one takes the non-zero edge
lengths and the field values only at a T (B × I), where B is a 3-ball and

B × I ⊂ M , see the next section. Consequently Û(t) can be defined ex-
actly, since the corresponding path integral is given by a finite-dimensional
Riemann integral, which can be made convergent by an appropriate choice
of the integration measure [12, 14].

The correct classical and the correct semi-classical limit can be obtained
in the PFQG theory when the number of edges is large and the edge lengths
are sufficiently small, with an appropriate choice of the PI measure [10, 12].
In this case the PL manifold T (M) is very well approximated by the smooth
manifold M and one can use GR QFT coupled to SM QFT with a cutoff
ℏ/L, where L is the average edge length in T (M). This is analogous to
the fluid dynamics approximation when describing the motion of a liquid
or a gas. Since a liquid or a gas consists of many molecules, instead of
using the Newton equations for a system of a large number of particles,
we can introduce the average molecular velocity for a microscopic volume,
such that there are many molecules in each microscopic volume. If we
are interested in describing the fluid motion at a scale much larger than
the microscopic volume size, then we can introduce a smoothly varying
fluid velocity field, which is then described by the Navier-Stokes partial
differential equations.

3. GR path integral in PFQG

We will now describe the definition of the PFQG path integral [10, 13]. Let
M be a smooth 4d manifold and let T (M) be a PL manifold corresponding
to a regular triangulation of M , i.e. the dual one simplex is a connected
5-valent graph. Let us consider

M =M1 ⊔ (Σ× I) ⊔M2 , (6)

where Σ is a 3-manifold, I an interval from R and M1 and M2 4-manifolds
such that ∂M1 = ∂M2 = Σ, see Fig. 1.

Although we can take M to be of an arbitrary topology, the restriction
(6) allows us to make a connection with the canonical quantization as well
as to associate a wavefunction of the universe (WFU) with an effective
action, see [15].

When Σ is a non-compact manifold, we maintain a finite number of
DOF by allowing non-zero Lϵ only for a triangulation of a compact subset
of M , given by

B4 ⊔ (B3 × I) ⊔B4 , (7)
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Figure 1: Topology of a PFQG closed spacetime manifold

where B3 is a 3-ball in Σ, while the to two 4-balls in M1 and M2 are glued
at the ends of the interval I, see Fig. 2.

Figure 2: Topology of a PFQG non-compact spatial manifold

Let {Lϵ| ϵ ∈ T1(M)} be a set of the edge lengths such that L2
ϵ ∈ R, i.e.

Lϵ ∈ R+ (a spacelike edge) or Lϵ ∈ iR+ (a timelike edge).
A metric can be introduced on T (M), which is flat in each 4-simplex σ

of T (M), and it is given by

Gµν(σ) = L2
0µ + L2

0ν − L2
µν , (8)

where the five vertices of σ are labeled as 0, 1, 2, 3, 4 and µ, ν = 1, 2, 3, 4.
This metric is known as the Cayley-Menger (CM) metric.

The CM metric is not dimensionless and hence it is not diffeomorphic
to

gµν(σ) = diag(−1, 1, 1, 1) . (9)
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This can be corrected by using a dimensionless PL metric

gµν(σ) =
Gµν(σ)

|L0µ||L0ν |
, (10)

see [13].
The Einstein-Hilbert (EH) action on M is given by

SEH =

∫

M

√
|detg|R(g) d4x , (11)

where R(g) is the scalar curvature associated to a metric g onM . On T (M)
the EH action becomes the Regge action

SR(L) =
∑

∆∈T (M)

A∆(L) δ∆(L) , (12)

when the edge lengths correspond to a Eucledean PL geometry. A∆ is the
area of a triangle ∆, while the deficit angle δ∆ is given by

δ∆ = 2π −
∑

σ⊃∆

θ
(σ)
∆ , (13)

where a dihedral angle θ
(σ)
∆ is defined as the angle between the 4-vector

normals associated to the two tetrahedrons that share the triangle ∆.
In the case of a Lorentzian PL geometry, a dihedral angle can take

complex values, so that it is necessary to modify the Regge action formula
(12) such that the Regge action takes only the real values. The appearence
of the complex dihedral angles can be seen from the formula

sin θ
(σ)
∆ =

4

3

v∆vσ
vτvτ ′

, (14)

where vs = Vs ≥ 0, if the CM determinant is positive, while vs = iVs if the

CM determinant is negative. Consequently, sin θ
(σ)
∆ ∈ R or sin θ

(σ)
∆ ∈ iR.

This implies that the Regge action (12) will give a complex number when
the spacelike triangles are present.

One can modify the Regge action as

SR(L) = Re

(
(−i)

∑

∆∈ST
A∆ δ∆

)
+
∑

∆∈TT

A∆ δ∆ , (15)

where ST denotes the set of spacelike triangles, while TT denotes the set
of timelike triangles [13]. Consequently the action (15) is always real and
it corresponds to the Einstein-Hilbert action on T (M).
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We can now define the GR path integral as

Z(T (M)) =

∫

D

N∏

ϵ=1

dLϵ µ(L) e
iSR(L)/l2P , (16)

where dLϵ = d|Lϵ| and µ(L) is a mesure that ensures the finiteness and gives
the effective action with a correct semiclassical expansion, see [10, 12]. The
integration region D is a subset of RN

+ , consistent with a choice of spacelike
and timelike edges.

The integral Z(T (M)) is convergent for the measure

µ(L) = e−V4(L)/L4
0

N∏

ϵ=1

(
1 +
|Lϵ|2
l20

)−p

, (17)

where p > 1/2 and V4 is the 4-volume of T (M), see [12]. The bound p > 1/2
can be easily derived from the requirement of the absolute convergence

|Z| ≤
∫

D

N∏

ϵ=1

dLϵ µ(L) <

N∏

ϵ=1

∫ ∞

0
dLϵ

(
1 +
|Lϵ|2
l20

)−p

. (18)

Note that (18) implies that the convergence can be also obtained with-

out the e−V4/L4
0 factor in the measure. However, the exponential factor

is necessary in order to obtain the correct classical limit of the effective
action. Namely, when |Lϵ| → ∞, we need

∂2 logµ(L)

∂L2
ϵ

< 0 , (19)

for all ϵ in T (M), see [10, 12, 13]. This condition is satisfied by the measure
(17), while the measure (17) without the exponential factor does not satisfy
the condition (19).

4. PFQG with the SM matter

We will now investigate the convergence of the PFQG path integral when
the SM matter is coupled to gravity. In this case the SM action on M is
given by

Sm = SH + SYM + Sf + SY =

∫

M
d4x
√
g (LH + LYM + Lf + LY ) , (20)

where

LH =
1

2
Dµϕ†Dµϕ− λ20(ϕ†ϕ− ϕ20)2 , (21)
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is the Higgs field Lagrangian, with Dµϕ = (∂µ + i (g0A)µ)ϕ and

g0A = g01A1 + g02A2 + g03A3 ∈ u(1)⊕ su(2)⊕ su(3) . (22)

The Yang-Mills (YM) Lagrangian is given by

LYM = −1

4
Tr (FµνFµν) , (23)

where the trace is over the SM Lie algebra, while the fermionic matter
Lagrangian is given by

Lf =

48∑

k=1

ϵabcdeb ∧ ec ∧ ed ψ̄k (iγa(d + iω + ig0A))ψk , (24)

where ω is the spin connection on M .
The Yukawa couplings are described by the Lagrangian

LY =
∑

k,l

Ykl ⟨ψ̄kψlϕ⟩ , , (25)

where ⟨ψ̄kψlϕ⟩ is the scalar invariant in the tensor product of the corre-
sponding SM group representations.

On T (M), the smooth-manifold actions in (20) become the correspond-
ing PL actions. We will take as matter DOF the values of the matter fields
at the vertices of the triangulation, since it simplifies the analysis of the
path-integral convergence. For the Higgs action we obtain

S̃H =
∑

σ∈T4

Vσ(L) sHK +
∑

π∈T0

Vπ(L) sHP , (26)

where Tk is the set of k-symplexes in T (M) and Vπ is the volume of the
dual cell to a vertex π, while

sHK = gµνσ

(
ϕ(πµ)− ϕ(π0)
|L0µ|

+ ig0Aµ(π0)ϕπ0

)†

(
ϕ(πν)− ϕ(π0)
|L0ν |

+ ig0Aν(π0)ϕπ0

)
(27)

and

sHP = λ20

(
ϕ†(π)ϕ(π)− ϕ20

)2
. (28)

The fermion action on T (M) is then given by

S̃f =
∑

ϵ∈T1

Vϵ(L) sf +
∑

π∈T0

Vπ(L) sYMf , (29)
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where

sf =
48∑

k=1

ϵabcdBabc(p) ψ̄k(π) iγd (|Lϵ| iωϵ(L)ψk(π
′) + ψk(π

′)− ψk(π)) , (30)

sYMf =

48∑

k=1

ψ̄k(π) g0γ
µ(π)Aµ(π)ψk(π) . (31)

Vϵ is the volume of the dual cell to an edge ϵ,

γµ(π) = eµa(π)γ
a , eµa(π) =

1

n4(π)

∑

σ:π∈σ
eµa(σ) , (32)

where γa are the Gamma matrices and n4(π) is the number of 4-simplexes
that share the vertex π.

Note that the tetrads on T (M) are naturally associated to the 4-simplices
σ, since the PL metric is defined in each 4-symplex. The spin connection
ω is then defined with respect to the dual edges, so that we have a set of
ωl values, where l ∈ T ∗

1 (M). We can then define ωϵ on T (M) as

ωϵ =
1

n3(ϵ)

∑

τ : ϵ∈τ
ωl(τ) , (33)

where n3(ϵ) is the number of tetrahedrons that share an edge ϵ.
The Yukawa action on T (M) is then given by

S̃Y =
∑

π

Vπ(L) sY ,

where
sY =

∑

k,l

Ykl⟨ψ̄k(π)ψl(π)ϕ(π)⟩ .

In order to take into account that only 2|G| components out of 4|G|
components per a spacetime point of a YM field are independent, one should
also add to Sm the YM ghost action

Sgh =

∫

M

√
g Tr (∂µc̄ Dµc) d

4x . (34)

Therefore the PFQG path integral for gravity plus matter can be written
as

Z =

∫

D
dNLµ(L) eiSR(L)/l2P Zm(L) , (35)
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where µ(L) is given by (17) and

Zm(L) =

∫

Dm

cb∏

a=1

dnϕa

cf∏

α=1

dnψ̄α d
nψα e

iS̃m(Φ,Ψ,L)/ℏ . (36)

Here Φ denotes the collection of the SM bosonic field components ϕa, Ψ
denotes the collection of the SM fermionic fields ψα (including the YM
ghosts) and n is the number of vertices in T (M). One can see that cb =
4(1 + 3 + 8) + 4 = 52, while cf = 96 + 24 = 120.

The integration region Dm = Rcb , since the fermionic fields are consid-
ered as the generating elements of a Grassman algebra of dimension 22cf ,
so that the integration is equivalent to a diferentiation1.

Since the convergence of Zm is not guaranteed, we pass to a Eucledean
geometry defined by the edge lengths

L̃ϵ = |Lϵ| , (37)

so that all the Eucledean edge lengths are positive real numbers. This is
equvalent to a Wick rotation where L̃ϵ = Lϵ if ϵ is a spacelike edge and
L̃ϵ = (−i)Lϵ, if ϵ is a timelike edge.

After the Wick rotation the integral (36) becomes

Z̃m(L̃) =

∫

Dm

∏

a

dnϕa
∏

α

dnψ̄α d
nψα e

−S̃m(Φ,Ψ,L̃)/ℏ , (38)

where S̃m is the Euclidian matter action. The integration of the fermions
gives a product of the corresponding determinants2, which are polynomial
functions of the bosonic fields components. Hence

Z̃m(L̃) =

∫

Dm

∏

a

dnϕa P (Φ, L̃) e
−S̃bm(Φ,L̃)/ℏ , (39)

where P (Φ, L̃) is a polynomial function of Φ and S̃bm is the Eclidean bosonic
action.

1More precisely, a function of the Grassman coordinates θ1, · · · , θn can be considered
as a vector in a vector space whose basis is given by 2n vectors {1, θk, θkθl, · · · , θ1θ2 · · · θn},
so that

f(θ) = f0 + fk θk + fkl θkθl + · · ·+ f12...n θ1 · · · θn .

Hence one can define
∫
dnθ f(θ) to be the number f12...n, which is the same as diferenti-

ating f(θ) with ∂θn · · · ∂θ1 .
2This is due to the relation

∫
dnθ

∫
dnθ̄ exp(θ̄Mθ) = detM .
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Since S̃bm(Φ, L̃) is a polynomial function of Φ of degree four, such that

S̃bm is positive for large ϕa, then the integral Z̃m will be convergent3. Hence
we will define

Zm(L) = Z̃m(L̃)
∣∣∣
L̃=w(L)

, (40)

where w is the Wick rotation.
The SM action on T (M) can be written as

Sm = S1 + S2 + S′
2 + S3 , (41)

where

S1 = r3⟨ψ̄ψ⟩+ r4⟨ψ̄ψA⟩+ r4⟨ψ̄ψϕ⟩
S2 = r4⟨(Ar−1 + g0A

2)2⟩
S′
2 = r3⟨c̄(r−1 + g0Ac)⟩
S3 = r4⟨(ϕr−1 + g0Aϕ)

2⟩+ λ20r
4⟨(ϕ2 − ϕ20)2⟩ . (42)

A bracket ⟨XY · · ·⟩ in (42) represents a sum over the components and the
simplex values of the fields X, Y , ... , so that

⟨XY · · ·⟩ =
∑

α,β,...

cαβ...(θ)XαYβ · · · , (43)

where (r, θ) are the spherical coordinates for a vector L̃ = (L̃1, · · · , L̃N ).
After integrating the fermions and the ghosts, it can be shown that

|Zm(L)| < rc
′nFn(θ) , (44)

where
c′ = 3cf − c∗b = 3cf − 2|G| − 4 = 260 , (45)

and

Fn(θ) =

∫
DχDξ e−s(θ,ξ,χ)∆ferm(ξ, χ)∆ghost(ξ) , (46)

see [14]. The new variables are given by ξ = rA and χ = rϕ, while s(θ, ξ, χ)
is the YM action plus the kinetic part of the Higgs action. ∆ferm is the
fermionic determinat and ∆ghost is the ghost determinant.

Consequently

|Z| <
∫

D
dNLµ(L)|Zm(L)| <

∫
dNLµ(L)rc

′nFn(θ) , (47)

3This is due to the fact that
∫∞
−∞ xne−P4(x) dx is convergent for any n ≥ 0 and any

fourth-order polinomial P4(x) whose coefficient of the x4 term is positive.
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so that

|Z| <
∫ ∞

0
rN−1+c′ndr

∫

Ω
JN (θ)µ(r, θ)Fn(θ)d

N−1θ , (48)

where dNL = rN−1drJN (θ)dN−1θ. By using the asymptotic properties of
µ(r, θ) for small r and for large r, we obtain

|Z| < C1

∫ R

0
rc

′n+N−1dr + C2

∫ ∞

R
rc

′n+N−1−2pNdr . (49)

Hence we can guarantee the absolute convergence of the PFQG path
integral (35) if

c′n+N(1− 2p) < 0 , (50)

so that
c′

2p− 1
<
N

n
. (51)

For a regular triangulation we have

N

n
≥ N∗

1

N∗
0

≥ 5

2
, (52)

where N∗
1 is the number od dual edges and N∗

0 is the number of dual
vertices, so that if c′/(2p− 1) < 5/2, then the absolute convergence bound
will be satisfied, which gives

p > 52,5 . (53)

Hence for the values of the parameter p that satisfy (53) we know that
the PFQG path integral (35) is convergent.

5. The effective action

The concept of the effective action is fundamental for the PFQG theory,
since the effective action defines the classical limit and the semi-classical
(SC) expansion. The correctness of the SC expansion gives a restriction
on the PI measure (19), which combined with the finiteness of the GR
path integral leads to the PI measure (17). Then the finiteness of the path
integral for the GR plus SM gives a bound (53).

The PFQG effective action can be defined by using the QFT definition.
Namely, a QFT effective action Γ[g, ϕ] can be determined from the EA
equation

eiΓ[g,ϕ]/ℏ =

∫
DhDφ exp

(
i

ℏ
S[g + h, ϕ+ φ]

− i

ℏ

∫

M

(
δΓ

δg(x)
h(x) +

δΓ

δϕ(x)
φ(x)

)√
g d4x

)
, (54)



Finiteness of piecewise flat quantum gravity with matter 113

where S[g, ϕ] is the classical action for GR plus the SM on a smooth space-
time manifold M . From this equation one can easilly find the perturbative
expansion of the effective action in powers of ℏ. However, in order to find
a non-perturbative solution, it is essential that the path integral

Z =

∫
Dg
∫
Dϕ exp

(
i

ℏ
S[g, ϕ]

)
, (55)

is finite, which is realized in the PFQG case.
Since an effective ation should describe a time evolution on Σ× I man-

ifold, this is the reason why we have restricted the topology of M to that
given by (6). We also take that M1 =M2, since this is the way to connect
an effective action with a wavefunction of the Universe (WFU), see [15].
Namely, in this case the WFU is given by the Hartle-Hawking (HH) wave-
function for the manifold M1, see fig. 3, while the interval I = [−t, t] will
give the EA trajectories that correspond to the expectation value trajecto-
ries in the HH state on the interval [0, t], see fig 4.

Figure 3: Topology of the Hartle-Hawking manifold

On T (M) the EA equation (54) becomes

eiΓ(L,Φ)/ℏ =

∫

D(L)
dN l (56)

∫

Dm

dcnφµ(L+ l) eiS(L+l,Φ+φ)/ℏ−i
∑

ϵ Γ
′
ϵ(L,Φ)lϵ/ℏ−i

∑
π Γ′

π(L,Φ)φπ/ℏ ,

where c is the number of components of the matter fields (c = cf+cgh+cb =
96 + 24 + 52 = 172 for the SM) and

S(L,Φ) =
1

GN
SR(L) + Sm(L,Φ) . (57)
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Figure 4: Topology of the effective action manifold

For the simplicity sake, the vector Φ now includes both the bosonic and
the fermionic field components, so that

dcnφ =
∏

a

dnφa

∏

α

dnψαd
nψ̄α . (58)

The EA equation will be only defined if the gravity plus matter path
integral is finite, which is the case for p > 52,5. This is the consequence of

|Z̃m(L̃, J)| ≤ Z̃m(L̃) , (59)

where

Z̃m(L̃, J) =

∫

Dm

dcnϕ e[−S̃m(Φ,L̃)+iJΦ]/ℏ , (60)

is the matter path integral with the sources J (the analog of the QFT
generating functional).

Note that the EA equations (54) and (56) will generically give a complex
Γ. In the QFT case without gravity, one can solve this problem via the Wick
rotation, since the matter path integral is finite in the case of a Euclidean
spacetime metric. However, this approach does not work when the metric
DOF are included in the path integral, since the Euclidean GR path integral
is not necessarily convergent for the measure (17). This problem can be
solved in the following way: if Γ is a complex solution of the EA equation,
then the real effective action can be defined through a substitution

Γ→ ReΓ + ImΓ , (61)

see [10, 13].
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The effective action is also important for the definition of the smooth-
manifold approximation. Let N →∞ and |Lϵ| = O(1/N) in T (Σ×I), such
that

gµν(σ) ≈ gµν(x) , Φα(v) ≈ ϕα(x) for x ∈ σ and v = dual vertex ∈ σ ,
(62)

where gµν(x) is a smooth metric on Σ × I and ϕα(x) is a smooth matter
field on Σ× I. Then

Γ(L,Φ) ≈ ΓK [gµν(x), ϕ(x)] , (63)

where ΓK is the QFT effective action for GR plus the SM with the cutoff
K = 2π/L̄ and L̄ is the average edge length in T (Σ× I).

This is a consequence of a theorem that a Fourier series expansion of a
PL function on an interval NL̄ can be approximated by a Fourirer integral
with a cutoff K = 2π/L̄ for N large [13].

The relationship between the PL and the smooth-manifold effective
action can be understood from the perturbative expansions in ℏ

Γ(L,Φ)

ℏ
=
SR(L) +GN Sm(L,Φ)

l2P
+Γ1(L,Φ)+l

2
P Γ2(L,Φ)+l

4
P Γ3(L,Φ)+· · · ,

(64)
and

ΓK(g, ϕ) =
1

GN
SEH(g)+Sm(g, ϕ)+ℏΓ(1)

K (g, ϕ)+ℏ2 Γ(2)
K (g, ϕ)+ℏ3 Γ(3)

K (g, ϕ)+· · · ,
(65)

where Γn is determined by the EA equation (56), while Γ
(n)
K is the n-loop

QFT effective action for GR coupled to matter. Note that l2P = GNℏ and
the expansion (64) is valid for |Lϵ| ≫ lP and small ϕ, so that

(GN )n−1Γn(L,Φ) ≈ Γ
(n)
K [g(x), ϕ(x)] , n = 0, 1, 2, ... , (66)

for N large and |Lϵ| = O(1/N), see [11, 12].
Note that |Lϵ| ≫ lP still allows for |Lϵ| to be microscopically small, so

that the smooth-manifold approximation is still valid. For example, the
distance probed in the LHC experiments is of the order of 10−20m, while
lP ≈ 10−34m, so that we can have

10−20m > |Lϵ| ≫ 10−34m . (67)

One can also add the cosmological constant (CC) term to the Regge
action, so that

SR(L)→ SR(L) + ΛcV4(L) . (68)

The addition of the CC term does not affect the convergence properties of
the path integral, so that we still have the same bound for the parameter
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p as in the zero CC case. However, the condition for the semi-classical
expansion of the effective action for Λc = 0, given by |Lϵ| ≫ lP and L0 ≫
lP , is replaced by the condition

|Lϵ| ≫ lP , L0 ≫
√
lPLc , (69)

where |Λc| = 1/L2
c [11].

It is important to show that a QG theory has the spectrum of the
cosmological constant such that it includes the observed value, see [16]. In
the PFQG case, it can be shown that the observed value of the CC belongs
to the allowed interval of values, provided that the path integral for gravity
plus matter is finite, see [11, 13]. Since the path integral is finite for p >
52,5 then the proof given in [13] is now complete. Note that in the string
theory case, this is a more difficult problem, since the string CC spectrum
is discrete and almost all values are negative [16].

6. Conclusions

A PFQG theory defined by the path integral (35) with the PI measure (17)
and the bound (53) is the first example of a mathematically complete theory
of quantum gravity which includes the SM matter. By mathematically
complete QG theory we mean that all the transition amplitudes are well-
defined and finite and that it has the classical limit which is given by GR
coupled to the SM.

Whether a PFQG theory is realized in Nature or not, remains to be
seen, because this depends on the existence of phenomena that are unique
to PFQG. Also, if there are phenomena that cannot be explained by PFQG,
this would mean its rejection or a modification. So far, all the known phe-
nomena which can be atributed to quantization of gravity, like the value of
the CC, Big Bang, inflation and evaporation of black holes can be in prin-
ciple explained by PFQG. A specific PFQG effect would be the appearence
of deviations from the QFT scattering amplitudes at high energies due to
the non-smooth nature of the spacetime.

The physics of the PFQG theory in the Σ× I part of the spacetime is
described by the dynamics of the effective action. An EA trajectory can
describe a vacuum expectation value trajectory, provided that the inital
data are chosen appropriatelly while the analog of the QFT vacuum state
is the HH state.

The perturbative effective action can be obtained via the long edge-
length (|Lϵ| ≫ lP ) approximation. For a large number of the edge lengths,
which are microscopically small, one obtains the smooth-manifold approx-
imation and the corresponding QFT has the cutoff K which is determined
by the average edge length. When ℏK ≪ EP , the perturbative QFT ef-
fective action is a good approximation for the perturbative PFQG effective
action.
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It is reasonable to expect that the new physics will be described by the
non-perturbative effective action, i.e. when |Lϵ| ≈ lP . In this case one can
use the short edge-length expansion of the effective action

Γ(L,Φ) ≈
∑

k1≥ 0, k2≥ 0, ··· , kN≥ 0

(lP )
−(k1+···+kN ) γk1k2···kN (Φ)L

k1
1 L

k2
2 · · ·LkN

N ,

(70)
where the coefficents γ can be obtained by substituting the above expansion
into the EA equation.

One can also try to obtain γ(Φ) functions by calculating the generating
function Z(J, j), i.e. the path integral with the edge-length currents J
and the matter currents j. The effective action can be then obtained by
performing the Legandre transform

Γ(L,Φ) =W (J, j)− JL− jΦ , L =
∂W

∂J
, Φ =

∂W

∂j
, (71)

where W = −iℏ logZ. This approach requires solving the last two equa-
tions so that J and j are expressed as functions of L and Φ. This calculation
will simplify in the limit L→ 0 and Φ→ 0.

Since the PFQG effective action is very well approximated by the per-
turbative QFT effective action for a smooth spacetime when the edge
lengths are microscopically small in T (Σ × I), but larger than the Planck
length, we then have

Γ ≈
(

1

GN
+ a1ℏK2

)
SEH (72)

+

(
Λc + ℏb1K4 ln

(
K

k0

))∫

Σ×I
d4x
√
|g|+ Sm(m1, g1)

+ ℏ ln
(
K

k0

)∫

Σ×I

√
|g|
(
c1R

2 + d1RµνR
µν

+ e1RµνρσR
µνρσ + f1∇2R

)
d4x ,

where Sm(m1, g1) is the matter action for the one-loop corrected matter
coupling constants and masses. We have also neglected the O(ℏ2) EA
terms and O(∇6) terms in the one-loop EA contribution [11]. The O(∇4)
terms, which include the quadratic in curvature terms, are the terms that
are responsible for the Starobinsky inflation [17]. Hence the Starobinsky
inflation can be naturally realized in the PFQG theory.

From the expression (72) we can see that GN and Λ will run with the
cutoff K as

1

G∗
N

=
1

GN
+ a1ℏK2 + · · · , Λ = Λc + ℏb1K4 ln

(
K

k0

)
+ · · · . (73)
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These corrections will blow up as K →∞, but this is not a problem, since
these expansions are valid only in the the perturbative QFT approximation,
for which ℏK ≪ EP = O(1019) GeV.

The exact values of G∗
N and Λ can be obtained by using the PFQG

effective action Γ(L,Φ), which is determined by the EA equation (56). Since
the EA equation is a consequence of the defining relations (71), then the EA
equation is well-defined only when the path integral is finite4. Consequently,
for p > 52, 5 one can construct a nonperturbative effective action by using
the equation (71).

In particular, the existence of the non-perturbative effective action im-
plies G∗

N = GN , i.e. GN does not have quantum corrections, while

Λ = Λc +
l2P
2L4

0

+ ε(m0, g0, l
2
P ) , (74)

where m0 and g0 are the low-energy values of the SM masses and couplings,
see [11, 13]. Note that Λc is a free parameter, and the quantum corrections
are given by a contrubution from the PI measure plus a contribution from
the matter vacuum energy density, which is finite and it is determined by
the non-perturbative effective action.

Our last remark is that the PFQG theory generalizes Quantum Me-
chanics and QFT in the following way:

i) the initial state of the Universe is given by the HH state, which
is determined by the “vacuum” 4-manifold M of Fig. 3 and a chosen
triangulation,

ii) the WFU time evolution is given by the path integral for M ⊔
(Σ× [0, t]) and the corresponding triangulation,

iii) the corresponding effective action is determined by the manifold of
Fig. 4, so that a solution of the EA equations of motion corresponds to the
expectation values of the Heisenberg picture operators for the metric and
the matter fields in the initial state.
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