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ABSTRACT

Complex Ricci-flat (i.e., Calabi—Yau) hypersurfaces in spaces admitting a max-
imal (toric) U(1)™ gauge symmetry of general type (encoded by certain non-convex
and multi-layered multitopes) may degenerate, but can be smoothed by rational
(Laurent) anticanonical sections. Nevertheless, the phases of the Gauged Lin-
ear Sigma Model and an increasing number of their classical and quantum data
are just as computable as for their siblings encoded by reflexive polytopes, and
they all have transposition mirror models. Showcasing such hypersurfaces in so-
called Hirzebruch scrolls shows this class of constructions to be infinitely vast, yet
amenable to standard and well-founded algebro-geometric methods of analysis.

“Science fascinates by reaping dividends of conjecture
from such trifling investment as facts.”
— Samuel Clemens [paraphrase]

1. Introduction, Roadmap and Summary

Algebraic methods of solving the century-old Einstein equations are them-
selves centenarian, and have in the “sourceless” (7}, =0, vacuum) case
aptly reconstructed the first exact and best known solution, the Schwarz-
schild geometry, but have also revealed its 2-sheeted nature [1,2]. Herein,
we consider this time-tested approach applied to the small and compact
spatial factor of spacetime, as required in “Calabi-Yau compactification”
in string theory [3,4]. The extended nature of strings allows them to propa-
gate consistently even through singular and otherwise defective spacetimes,
which enables transitions that change even spacetime topology [4-16]. In
the last three decades, model construction and analysis focuses on gauged
linear sigma models (GLSMs) [17-23], the underlying (complex algebraic)
toric geometry of which is governed by the supersymmetry-complexified
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gauge group, U(1;C)" = (C*)", governs [24-30].) This has produced
the largest known database of reflexive polytopes, each encoding (semi)
Fano (¢1>0) complex algebraic toric 4-folds and their families of anticanon-
ical Calabi—Yau 3-fold hypersurfaces [14]. This vast pool of constructions
exhibits mirror symmetry, whereby the (C*)"-equivariant quantum coho-
mology rings of mirror-pairs of Calabi-Yau hypersurfaces, (Z, Z,), satisfy
HY(Zy, N\PT*) = HY(Zy, NP T) [33-74].

However, non-Fano (c140) varieties also admit Calabi—Yau hypersur-
faces [75-77) — see Figure 1 for a O-dimensional sketch, and are found

Figure 1: Left-most,  ¢g=0: the 0-dimensional reduction,
P4[5] — --- —P![2], Calabi-Yau O0-fold (two red points), the anti-
canonical hypersurface in S?=P'. This Calabi-Yau 0-fold easily embeds
in increasingly higher-genus Riemann surfaces; those with g > 2 are called
“of general type.”

within deformation families of their (semi) Fano (¢;>0) variants [76-80].
Mirror symmetry then necessarily extends this web even futher: In addi-
tion to reflexive polytopes [14,35], “VEX multitopes” [75-77] also include
non-convex, possibly multi-layered multihedral but star-triangulable bod-
ies, A%, which span? multifans, ¥ [81-88]; see also [89-92]. The geometry
of corresponding torus manifolds,® Xy, is intrinsically (S!)"-equivariant,
matching the GLSM U(1)"-gauge symmetry in string theory [17]. This
match helps in exploring the nature of Calabi—Yau mirror models con-
structed within both Fano and non-Fano such torus manifolds. The ex-
traordinary success in analyzing GLSMs and related structures [17-23] is

'The gauge symmetry, U(1)™ — U(1;C)" = (C*)™ complexified by worldsheet su-
persymmetry, may admit some mild degeneration or boundary sources (target-space
‘branes), relaxing further the underlying framework. In turn, the worldsheet quantum
field theory itself has a manifestly T-dual and mirror-symmetric formulation, insuring a
foundation to rely on [31,32].

2A VEX multitope spans (is star-subdivided by) a multifan, A*< X, with a primitive
(lattice coprime) central cone over every face of the multitope A* [28]. A k-face § € QA
is a closed, contiguous, multihedral, k-dimensional component in A", an adjacency-
generated poset of faces; standard definitions [25-29] can be adapted for non-convex,
self-crossing, folded and otherwise multi-layered multitopes [81-83].

3A torus manifold is a compact, real 2n-dimensional (smooth) manifold with a torus,-
i.e., (S')"-action with a nonempty set of isolated fixed points [81,83].
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then seen as a consequence of enhancing the minimally necessary world-
sheet local (0,1)-supersymmetry [93,94] to a global (0,2)- and even (2, 2)-
supersymmetry, which also enhances the U(1)"-gauge symmetry to the
U(1;C)" = (C*)™ toric action and induces target spacetime supersymmetry,
which in turn obstructs the physically desirable positive (albeit minuscule)
cosmological constant of the observed asymptotically de Sitter spacetime.

1.1. Organization

The remainder of this introduction reviews the key construction of holo-
morphic equivalence-class sections on hypersurfaces used to construct gen-
eralized complete intersections [78-80], the related class of Laurent hyper-
surfaces in torus manifolds, and their key consequences. This affords the
extension of the overarching mirror-symmetric framework of Calabi-Yau
triples, (Zy,(X \ Zy),K%) from (almost/semi) Fano to certain non-Fano

torus manifolds X [77]*:
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This framework is encoded by (trans)polar pairs of multitopes, (&, Ax),
and consists of:
1. a deformation family of Z; := {f(z) = 0, f € I'(Kg)} Calabi-Yau
n-fold hypersurfaces,
2. in a torus manifold X — wherein (X \ Z¢) are non-compact Calabi-
Yau (n+1)-folds [95,96],
3. and the anticanonical sheaf, K%, itself a non-compact Calabi-Yau
(n+2)-fold.
as well as their mirror/transpolar images, (Z,, (Y \ Z,),K3). All Kéhler
manifolds admit a compatible triple: a complex structure (J; k) compatible
with a symplectic structure (wy;) so that g;;:= J;k wyj is a Riemannian met-
ric — the corresponding Kéhler metric. Generalizing the framework (1) be-
yond Fano embedding spaces X, Y, allows the compatible triples, (J, w, gx)
on Zy C X and/or on Z; CY, to degenerate. The entire mirror-symmetric
framework (1) is parametrized by a joint moduli space that admits a (trivial
up to Bridgeland stability [97]) foliation, (.#,#), such that:
4. A parametrizes the choices of feT'(K%), and so (some of) the com-
plex structure deformations of Z¢, as well as of (X \ Z¢). Analogously,

4The term “transpolar” is meant as a portmanteau, combining “transpose” and “po-
lar” — but also employs the prefix “trans-” to mean “beyond” [75].
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W parametrizes g € I'(K3},) and (some of) the complex structure de-
formations of Z, and of (Y \ Z,).

5. By mirror symmetry, .# also parametrizes (some of) the (complex-
ified) Kahler class variations of Z, and of (Y \ Z,), while # also
parametrizes (some of) the (complexified) Kahler class variations of
Z; and of (X \ Zf).

6. Varying (the cohomology class of) the Kéhler metric while holding J
fixed is equivalent to varying the symplectic form, wy;, so the joint
moduli space, (A , W), parametrizes this compatible triple, (J,w, gx),
on both Zy C X and Z, CY, mirror-symmetrically.

7. The (left-right) mirror mapping (1) is encoded by the swap:

(trans)polar

( S(?AX)

which then suggests that the non-compact complement (Y \ Z;) is
also the mirror of (X \ Z¢), and that the total space of K% is the
mirror of K., which may be less non-trivial, since the total space
of K% contracts to X. This mirror mapping refers to non-compact
Calabi—Yau manifolds, and is sometimes referred to as “local mirror
symmetry” in physics literature.

With these seven observations, the roadmap diagram (1) lends itself to
a simpler but sweepingly generalizing (and conjecturall) re-statement:

(AXvA*X) = ( §/7AY)7 (2)

§ fe F(ICE() <= ]C* <« mirror* > IC;(/ . F(IC*Y) 99
D (0Zp e s (Yaz,) 3)
- s IE ' ] e
=0 g=
N mirror _ -
compact X[Cl] > Zf < > Zg c Y[Cl]

which seems reasonable to expect to hold generally, in the sense:
Conjecture 1: For every Calabi-Yau hypersurface, Zy € X|c1] there exists
a space Y with a suitable anticanonical section, g € I'(K3,), so Z, € Y([ci] is
mirror to Zy and the rest of the mirror-symmetric framework (3) holds.
Notes: (1) Extending from hypersurfaces to their complete intersections
(by iteration) and higher-rank zero-loci (by splitting principle and/or res-
olutions) should be straightforward.® (2) As mirror symmetry is known to
swap the roles of complex and symplectic geometry [30,37,41,98,99], the
objects in the diagram (3) defined in standard complex algebro-geometric
way, need a precisely mirror-symmetric symplectic geometry reformulation
to make the mirror symmetry manifest. (3) The non-compact mirror*-
relations may well need some qualification: Compact Calabi—Yau spaces
(e.g., Zy) may be found as hypersurfaces in various different embedding

5The immediate-embedding torus manifolds X and Y for the diagram (3) are then
simply any (convenient) one of the combinatorially available penultimate intersections.
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spaces, say Zy CY and Zy CY’, implying that embedding-complementary
non-compact Calabi-Yau spaces, (Y \ Z;) and (Y’ \ Z), are multiple mir-
rors® of (X ~\ Z¢); the same applies to 5. and K3, being multiple mirrors*
of K%. (4) Comparing with its straightforward physics origins [33,34,100],
the mathematical statement of (homological) mirror symmetry, “the de-
rived category of coherent sheaves on Zy is isomorphic as a triangulated
category to the derived Fukaya category on Z,” should have also a more
direct (elementary?) formulation.
— kKX —

Reviewing a showcasing infinite sequence of generalized complete in-
tersection Calabi-Yau (“gCICY”) n-folds [75-80], Section 2. presents the
key construction of Laurent defining equations in gCICYs. A coordinate-
level reinterpretation of such Calabi-Yau n-folds finds them in Section 3.
as toric hypersurfaces in distinct (complex, algebraic) toric varieties within
the same explicit deformation family of (g)CICYs.

Section 4. then shows that: (1) many if not all toric varieties may be
realized as specific complete intersections in products of projective spaces,
and (2) Laurent deformations of (algebraically) “un-smoothable” Tyurin-
degenerate Calabi-Yau n-folds [76] are smooth limits of regular deforma-
tions within the same explicit deformation family of (diffeomorphic) Calabi-
Yau n-folds. This gathered evidence is used in Section 5. to characterize
the class of torus manifolds, X and Y, in which the mirror-symmetric
framework (1) exists. Section 6. then collects several conclusions of the
foregoing analysis about the class of usable toric embedding spaces, X and
Y, most of which are of general type (¢1£0) and which are unitary torus
manifolds [81-86] or surgically related to them; see also [87-92]. The key
conclusions are formulated as conjectures (1-7), intending to motivate a
more rigorous study, leading to a better understanding of this immensely
vast new class of constructions, aiming ultimately to prove these conjec-
tures or their more precise revision, perhaps by suitably generalizing the
vertex-algebra proof of transposition mirror symmetry [50], which should
also provide a rigorous foundation for the superconformal field theory and
GLSM counterpart.

1.2. Motivation

We seek a specific type of solutions to the “source-less” Einstein equations,
R”V—%guyR: SZF—ZIGTW, where T, =0 < R, =0. (4)

Without any matter distribution, this describes empty space, i.e., the vac-
uum. Ricci-flatness is also the lowest-order condition for quantum stability
of the worldsheet quantum field theory underlying string theory [101,102].
Identical to the Calabi-Yau condition (¢; = 0), it is synonymous with cer-
tain necessary anomaly cancellations in this underlying worldsheet quan-
tum field theory [4,100,103,104], and also emerges from the arguably non-
perturbative (oriented) loop-space analysis of string theory [105-114]. With
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such plentiful motivation, we continue the by now fantastically prolific quest
to construct Ricci-flat, i.e., Calabi—Yau geometries, and foremost the space-
like compact factors [6,14,15,115-120].

To a macroscopic observer in the cosmically large R3-like spacetime,
the geometry of extra dimensions is observable primarily through the in-
variant characteristics of the compact 6-dimensional factor, Z, such as the
number of topologically nontrivial handle-bodies and corresponding cycles,
counted by the Betti/Hodge numbers by = h'! and b3 = 2(h?'41), and
the Euler characteristic, x = 2(h!'—h?!). For a candidate Z with de-
sirable h'!, h2l, one proceeds computing the various Yukawa couplings®,
physically normalized by the Zamolodchikov metric on the relevant moduli
spaces — to which the essentially algebro-geometric methods of construc-
tion and analysis are well adapted. Given the well-publicized embarrass-
ment of riches estimated in 107°-tuples of moles (10%®) of models [121],
only the advent of various machine learning methods makes a search mean-
ingful [122-128]. These machine learning methods also make it possible
to estimate other curvature details [129] in the search for ways to enable
a realistic de Sitter uplift [130-132], and so seek a superstring model that
does recover all the observed features of our Universe.

1.3. Computational Framework

In general, one seeks to construct the Calabi—Yau space, Z, as a complete
intersection of (algebraically constrained, f,(x) = 0) hypersurfaces in some
well understood “ambient” space, X:

Zy=N,(Zs, == {falz) =0}) C X. (5)
On so-constructed Z, functions are naturally defined as equivalence classes,
0: ¢z(2) = [¢px(z) (mod Bqfa(x))], (6)

since all f,(z) vanish on Z C X. Coordinates themselves being functions,
their differentials are then straightforwardly defined as the analogous equiv-
alence classes (oft cited as the adjunction formula 1 [4]),

0: dz ~ [dz (mod @, df.(x))], (7)

extending the algebraic definition (6) to calculus (7). For such a complete
intersection to be smooth and the projection/restriction g in (6)—(7) com-
plete, the system of algebraic constraints must be transverse,

Sing(Z) :={\,dfa =0} N{fa =0} ¢ X. (8)

5These are the Bridgeland-stable ring structure constants for the relevant quantum
cohomology groups [97], or at least their classical limits, with quantum corrections in-
cluded perturbatively [4,30]: H>'(Z) = H*(Z,T%), H**(Z) = H*(Z,Tz) and then also
H'(Z,EndTz) with their mixed coupling included [4], as well as their deformations and
higher-rank stable bundle generalizations, Tz — V7.
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The determinant of (7) results in the adjunction formula 2 [4],

(K :=detTy) = (K% :=det Tx) @ [[], O(deg(fa))], (9a)
e ol2) = olX)/TL,e(Z4,), (9b)

where ¢(X) = 1+c1(X)+ -+ +cdgimx(X) is the (total) Chern class of X.
Finally, the vanishing of the first Chern class, cited as the Calabi—Yau
condition,

!

c(Z) = a(X) =3, a(Zy,) =0, (10)
requires the total degree of the constraint system to equal that of the
anticanonical class, K%, insuring K7, to be trivial — and the holomor-

phic volume form on Z to be covariantly constant. The foregoing then
guarantees that concrete computations on X reduce to solving straight-
forward (if tedious) U(n,+1)-tensor equations when X is a product of
projective spaces [4], and analogous generalizations when X is a toric
variety [133-135]. To this end, by now there exist Mathematica, SAGE,
Macaulay?2, Magma and other computer-aided implementations, which how-
ever require adaptation and generalization to the general type (non-Fano)
X discussed herein.

As implied by the discussion of (1), the foregoing (essentially alge-
braic) computational framework applies directly to compact Calabi—Yau
subspaces, Zy C X, in some sufficiently known embedding space,” X. It is
then noteworthy that the framework (1) — automatically — includes also
two distinct and closely related non-compact Calabi—Yau manifolds: the
(X N Zf) complement, and the anticanonical bundle K% see (3).

2. The Showcasing Sequence

The key novel results are simply showcased by the sequence of deformation
families of Calabi-Yau 3-folds:

pa1| 4 1% p(x,y) =0, deglp] =(})
3) z mes
X' € [P; ] {q(w,y)=0, deglg) =( %)

m|2—m

—168
with a by =2 = h'!-dimensional space of (complexified) Kéhler classes and

a %bg—l = 86 = h?!-dimensional space of complex structures.

2.1. Calabi—Yau Hypersurfaces in Hirzebruch Scrolls

Consider first the family of deg-(1, m) constrained hypersurfaces, explicitly
parametrized by the €, ¢ coefficients:

_ _ !
pe(m,y) = 2oyd™ + T1y™ + Sao S ap Tayo™ iyt =0, (12)

"Toric varieties include as special cases products of weighted projective spaces, ordi-
nary (isotropic) projective spaces being special cases thereof.
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where the €, ¢ = 0 “central” model, po(z,y) = 0, was introduced by Hirze-
bruch [136]. Since the gradient 3p6(:v y) = (yg", y", ... ) cannot vanish as
(o, y1) # (0,0) on P, the first hypersurface, the Hirzebruch scrolls (" :=
{pe(x,y) = 0} C P*xPL, are smooth for all €,,. With the A = }P’ix]P’llJ
Kihler forms, J;, generating H2(F®,Z), the Chern class is (J;° =0 = J#)

C(F(4)) _ (1+J1)5(1+J2)2
m (1+J1+mJ2)
so that all various Chern class evaluations on corresponding powers of

(aJ1+bJ2) depend on b only via the linear combination 4b+ma, so that
H*(F'),,.,Z) is related to H*(F®,Z) by the simple integral basis change:

J1 ~ |1 —k||J1 [79] () (@
[Jz} m —> [O J[‘JJ m+4k Frwmn ity R ER "

This in turn implies that the sequence (11) contains only four distinct
diffeomorphism classes of Calabi-Yau 3-folds [137]:

4 4 4 4
g sl e s o

where the first three families consist of regular complete intersections, but
the fourth diffeomorphism class is a generalized complete intersection [78—
80]. The sequence also implies that X, Pp X XPapX® | etc., and this
diffeomorphism (isomorphism as smooth mamfolds) is explored below, in
particular, X" " and X ,S(L;(I,L .y differ as complex and symplectic manifolds.

The more immediate question, “How can a deg—( _%) section possibly be
complezx-analytic?” is answered in several different ways in Refs. [78-80].
Most importantly: there cannot exist such complex-analytic sections on
A =P*xP', but they can (and do, 105 of them) exist on F{" C A — and
solely because of (6). While [78-80] proffer general algorithms for finding
such sections, we illustrate the construction by considering Hirzebruch’s
original €, ¢ = 0 case of (12):

= (14113 (14+J1—mJy) (1+J2)2, (13)

1
0

1 1

2

1

X®e
0 3

]P’l ]P’l

ZoYo Z1Y1
po(z,y) = zoyd® + 71y = qo(v,y) = C(@(ﬁ - y7>’ (16a)

where c(z) is a cubic over P4. The equivalence class [¢ (mod p)] is then

(y?;l))Q po(z,9), (16b)

o(z)(—224), with A= —1, where yo #0,
{c(ac) (+2m;1%0)7 with A= +1, where y; # 0;

a5 (2, y) ~ qo(z,y) + A

(16¢)

_ C\T
and qi"(z,y)—q5 " (z,y) =2 ( )on(x,y), =0 on F{", (16d)
(yoy1)
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since Fi":={po(z,y) =0}. This chart-wise definition (16) provides a com-
plex analytic choice (16¢) on each hemisphere of le/, the difference between

them vanishing on the “first” hypersurface, Fi"; (16d). This reminds of
the Wu-Yang construction of the magnetic monopole [138]. Understanding
thus qo(x, y) to represent this equivalence class of complex-analytic sections
defines

X?Eg) = {po(x,y) =0= QO(xv y)} - P;L: X ]P)?i (17)

to be a generalized complete intersection, “in a scheme-theoretic sense” [80].
At the same time, the Calabi-Yau 3-fold X* is also a perfectly regular hy-
persurface within the Hirzebruch scroll F*, which in turn may be described
equivalently in several ways other than as a hypersurface itself (12). Those
alternative descriptions can be used for complementary and independent
verifications, and to this end we provide below a 1-1 “translation” into the
toric geometry framework.

As noted originally [78-80] and implied in (16), the choice of go(x,y) is
specially “tuned” to the choice of pg(x,y). Deforming po(x,y) ~ pe(x,y) as
given in (12) implies a (16)-corresponding change in go(x,y) ~ ge(z,y) [79,
80]. The analysis of such variations, showcased by the explicit deformation
families of Calabi-Yau 3-folds diffeomorphic to the sequence (15) and their
mirror models a la (1), provides the key novelty discussed herein; see in
particular the concrete result (20) below.

2.2. Hallmark Submanifolds in Hirzebruch Scrolls

The same construction (16) also provides for another hallmark submanifold
of F(™, the so-called directriz [139] of degree (_},):

—m

5o (z,y) = (;T& - ;%) + (y();lyn(ffoyom + z1y™), (18)
Pr
[s1(0)]" = []Pfi Tln_:n _;] = 1(m) + n(—m) = —(n—1)m. (19)

n columns

where the zero-locus 571(0) := {s(z,y) = 0} C F™ is a holomorphic
and irreducible subspace in F™ | the existence of which and its maximally
negative self-intersections (19), prove that {po(z,y) = 0} is indeed the m-
twisted Hirzebruch scroll.

Comparing (16a) with (18) shows qo(z,y) = c(x)-(yoy1)-s(x, y), relating
the Calabi—Yau hypersurfaces, X"~ C F™ [75] to the hallmark directriz,
s571(0) ¢ F™ [139]. The astute reader will have noticed that the definition
of go(x,y) in (16a) provides for only (*1*) = 35 of the 105 sections, accounted
for by the cubics c¢(z) on P%. The full complement is easily reproduced
generalizing this pattern, and serves to further highlight the pivotal role of
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the directrix:
gV (z,y) = (Coo(w)y02+001 ()yoy1+c' (:L")y{") s (z,y),  (20)

now duly parametrized by three independent cubics, ¢*(z), ¢**(z) and
c(z), adding up to 3-35=105 = dim HO(F{",K*). This provides ad-
ditional and complementary reasoning to the various other construction
methods exhibited earlier [78-80].

This result additionally motivates the following [75]:

Construction 1: On a degree{,},) hypersurface F") :={p.(z,y)=0} C P"xP*

akin to (12), construct the deg-
sections

1 . .
m*TO*ﬁ) holomorphic equivalence classes of

50 (2,y) i= | Flip (———

S y) lip (o
represented by the Laurent polynomials containing both yo- and y;-denomi-
nators but no yg y1-mixed ones, for ro+r; =2m, 2m—1, --- , 0. The “Flip,,”
operator changes the relative sign of the rational monomials with y;-denomi-
nators. For algebraically independent such Laurent polynomial sections, re-
strict to the subset with maximally negative degrees that are not overall
(Yo, y1)-multiples of each other. |

pe(w,y)) (modpe(x,y))}, (21)

The zero-locus of each so-obtained section (21) is a hallmark holomor-
phic submanifold (a directriz) of the hypersurface F), and the so-obtained

list of directrices characterizes F) itself. Anticanonical sections (20), with
which one defines Calabi—Yau hypersurfaces in non-Fano varieties, are such
linear combinations of regular multiples of directrices. We now turn to de-
scribing the “translation” of the foregoing discussion of generalized hyper-
surfaces and complete intersections into the framework of toric geometry.

3. Toric Rendition and Smoothing
For simplicity, we return to the “central” (e,,=0) hypersurface (12),
E® = {po(z,y) = vy +z1y™ =0} C P} ngl,a (22)

and then explore the effects of varying e, .
The familiar homogeneous coordinates of the embedding space, P XIP’;,
may be freely changed, and focusing on (22) we choose:

(x07$17x27'“ ;y(]vyl) — (pOaﬁaan'“ ;yanl)a (233)
(po,s,x2,-3Y0,y1) 1 _
det [6(m00,zl,§2,---;;o,yl1)] = const. (23Db)

This leaves (s,x2,--- ;yo,y1) as coordinates on the {pg(z,y) = 0} con-
strained hypersurface, which inherit the PZXIP’?IJ bi-degrees:

| X1=5 Xo=x3 - - Xpy=xp Xpiy1=Yo Xni2=11
degpn =: Q* 1 T -1 0 0 (24)
degpi=: Q> | —m 0o - 0 1 1
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Interpreting each row of bi—degrees (24) as components of two Mori row-
(n+2)-vectors defines its n-dimensional null-space: ZZ‘:H Q4 X;) = 0 for
a = 1,2. The vertical stack of the n so-obtained row-(n+2)-vectors then
defines (n+2) column-n-vectors 7%, up to GL(n) basis transformations, such

as:

Xl X2 X3 Xn Xn+1 Xn+2
-1 1 0---0 0 —-m
-1 0 1 0 0 -m

v R S : Y
10 0--1 0 -m (25)
00 O0--0 1 -1

Q' 11 1 -1 0 0

Q*-m 0 0 --- 0 1 1

The column-n-vectors ' generate the fan of cones L g™, the (nearest lat-
tice) bases of which form the facets of the spanning polytope, A% T we
write Y p(m < A, By corresponding each n-dimensional cone in X g(m
to an C"-like chart and gluing them as prescribed by the cone intersections
within X [19,25-30], these combinatorial structures fully specify the
toric rendition of the Hirzebruch scrolls, F™ [76]. The column-2-vectors
Q(X;) together with the negative of their sum, — 3", Q(X;) = (,,7), gen-
erate the secondary fan:

E”(F(2> E” F(Z)
E// F(Z)) Z” F(z)
etc. (26)

Depicted here for n =2, the sequence makes it obvious that X”(F ™)
SN oam)s although all F$ and F\" ... are diffeomorphic, i.e., are all

the same as real, smooth manifolds.

3.1. Anticanonicals

The bi-degrees listed in (24) imply that cl( ) =3 deg(X;) =(25), so
that anticanonical sections of the €, ¢ = 0 “central” Hirzebruch scroll (16a)
(with which to define its Calabi-Yau hypersurfaces) are of the form

F(’C}fﬁ)) - @ZZO(Xl)k (Xo® - @Xn)n_k (Xn+1@Xn+2)2+m(k_1)' (27)
For m > 3, the last factor acquires a negative exponent when k=0. So,

standard practice in complex algebraic toric geometry uses the full comple-
ment (27) when m=0, 1, 2, but limits £ >0 when m > 3. The m =1,2,3
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sequence of monomial plots shown in Figure 2 exhibit the evident tendency
of the right-hand side column of monomials, as do the left-most and middle

| X1 Xo X5 X4 | X1 Xo X5 X4 | X1 Xo X5 X4

Q' 11 0 0 Q'l 11 0 0 s Q110 0
Q*-10 1 1 Q-2 0 1 1 Q-3 0 1 1

deg K =(2) XZO“O deg K =(3) Xm%:.__ deg Ki» = (_1)
2030 x o3t 2032’
X2i021..3€1'1~.20 X2i022 );.1“102 X2023 )?2120
X25012 Xun}’g@:zlo Xzims X111“"I~.‘. xZo14 Xlﬁ-‘l
Xzioua..X.lmz..Xifzol XQEQQ4.X1120.")§;'(~)2(>() Xziuaa...lez‘:‘:-:x_ )(:22 /X4

_ _ — o
[(Kpe = K:};((i)o)) [(Kpe _’C}k’f;)o)) I'(Kre = IC}((;)O)) X5/ X3

Figure 2: The m = 1,2,3 sequence of anticanonical monomials, I'(K7@ ),
where “Xcd” gtands for XX XX 2

columns of I'(K}(»)-monomials, making evident the downward (red-ink)
stacking of Xo/ X4 and X2 /X3 for m=3. This inevitably flip-folded (red-
ink) completion of this plot for m > 3 reminds of Gell-Mann’s completion
of the spin—% baryon decuplet, which led to the discovery of the 2~ -baryon
and the confirmation of the quark model of hadrons.

The standard practice in (complex algebraic) toric geometry restricts
to regular sections (omitting X+*/X3 and X+ /X4), which comes at a steep
price: All regular anticanonical sections factorize:

reg[['(Kyp@)] = (X1)<X1(X3@X4)5 D Xo(X30Xy)? )7 (28)
C(X)

as already seein in (20). Therefore, all Calabi-Yau hypersurfaces con-
structed from regular anticanonical sections (27) are necessarily Tyurin-
degenerate [140] for m > 3: They reduce to the union of two “lobes”: the
directriz, D := {X1 = 0}, and the complementriz, C :== {C(X) = 0}, with

C(X) e @Zzl(Xl)k_l (Xo® - BX,)" F (X180 Xp0)2TmED 0 (29)
Thus, all Calabi-Yau hypersurfaces, (X"~ = DUC) C F™][c;] for m > 3,
are always singular (at least) at the intersection of the two lobes,
P 1 1 n-1
PHim|-m 2 |’

which is itself a Calabi-Yau (n—2)-fold. With only the k£ > 0 sections (27)
available to the standard practice in complex algebraic toric geometry, all
these Tyurin-degenerate Calabi—Yau (n—1)-folds are deemed unsmoothable.

(30)

m

Sing(X""")=DnNC e [
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3.2. Smoothing the Unsmoothable

Only the k = 0 monomials listed in (27), (Xo® - - - ©X,)" (Xp1 10 Xp12)2™,
are independent of X7 and so do not vanish along the directrix. Deform-
ing a (28)-section by a k =0 section then moves the so-deformed zero-locus
away from Sing(X (") = D NC, and direct computation verifies that the
generic so-deformed section is transverse. The price to pay for smoothing
the (algebraically) unsmoothable hypersurface is the fact that the defor-
mation monomials are rational for m >3, so that one must address the
putative pole locations, (X,,+1®Xp+2) = 0.

Intrinsic Limit: In its simplest version [76], consider specifying the zero-
locus

F(X) = X2XF + X2XP + X2/ X4 = 0. (31)

Its gradient, (2X1X35+2X1X45, %, 5X12X34, 5X2X A — %2;), can vanish

only if X;=0=X>, which cannot happen® in F®. Away from the X4 = 0
putative pole-locus, we may solve

(31) = X =i/(X2XP + X2XP) X, (32)

Since the unqualified limit limy, ,o Xo*/X4 in (31) is not well defined, the
zero-locus, {f(X)=0}, would appear to be undefined at its intersections
with {X4 = 0}. A (32)-constrained, “intrinsic limit” however clearly is well
defined: Away from {X4=0}, the zero-locus (31) is well defined as usual
in algebraic geometry, while the points intersecting { X4=0} are defined by
(32)-constraining Xo in the Xy — 0 limit. This “intrinsic limit” reminds of
L’Hopital’s theorem, and in that sense veers outside the standard complex
algebro-geometric framework.

Alternatives: There also exist at least two alternative ways of specifying
the zero-locus (31), which are decidedly algebro-geometric, albeit consider-
ably more involved and less well explored: Setting X; — 1 (away from the
directrix, {X;=0}) and writing f(X) = (X3X4 + X + X#)/ X, defines
the divisor classes:

(£ (0)]= [{n(z)/o(z) = 0}] = [n=(0)] = [0~ (0)], (33a)

where
n(x) = X9 X4+ XL+ X, n7H(0) € Py, 5[6], (33b)
o(z) == Xy, 0 1(0) € P%B:l:l)[l] (33c)

8Having changed variables (23) from (z¢, 21, 22) € P?, which must not all vanish, to
(po, 8, 2) where F'? :={po=0}, implies that s=X; and wa=X> must not both vanish.
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Formal differences (as opposed to unions or intersections) of subvarieties
were introduced a century ago as virtual varieties by F. Severi [141], and
are by now known as Weil divisors [27-29]. Note that

c1(n71(0)) = (3+1+1)—6=—1<0, (34)

so the {n(x)=0} hypersurface and the divisor class it represents are of gen-
eral type; in turn, ¢;(071(0)) = (3+1+1)—1=4>0 and {0(x) =0} is Fano.

Separately, David Cox has found that a simple-loking fractional change
of variables,” recasts the X1=1 simplification of (31), the Calabi-Yau Lau-
rent hypersurface {f(X)x,-1 =0} € IP’(23:1:1)[5]

(Xa, X3, X4) = (23v/22, 215, 22) = [(X)x,21 — h(z) = 210420 +24, (35)

as (the branched double-cover of a Za-quotient of) the regular hypersurface,
{h(2)=0} € IP’%L%) [10] which is an algebraic variety of general type: its 1st
Chern class is negative, ¢; (h71(0)) = (1+2+45)—10 = —2. Of course, the
change of variables (35) has a non-constant Jacobian and is not regular: Its
inverse involves division, (21,29, 23) — (v X3, X4, Xo/v/X4), which may
be seen as introducing the rational monomial in (31).

Either way, the Laurent deformations (27) of “unsmoothable” Tyurin-
degenerate hypersurfaces (28), such as (31), do specify smooth Calabi-Yau
models, albeit rather more involved than the regular hypersurfaces of the
standard practice in complex algebraic and toric geometry.

4. Deformation Family Picture

We now turn to explore the explicit deformation family (12) of Hirzebruch
scrolls embedded as hypersurfaces, e.g., and examine a few simple examples
of F7 € [Eal|3):

po(z,y) = zoyd+a1yr°, = X1 Xo X5 Xu X5 X = FLY,
) ! 11 0 0
w@n) (=20 /w55 6 0 1

(36)
where “A//B” abbreviates “A (mod B).” Including some of the e, ¢-defor-
mations produces (absorbing €, ¢’s in (12) into the P2-coordinates)!?:

p1(z,y) = zoyd +T1y° +22y0'y1, = | X1 Xy X3 Xy X5 X

Y '1 111 0 0
51,1(x7y):[(%+%_%)//pl(x7y)]v 82 —4-10 0 1 1

xo o r1Y1

s12(x,y) = [(yT_y?_yT)//pl(x’y)]; = F(fi,o,or

(37)

9T wish to thank Hal Schenck for communicating this to me, which in turn motivated
searching (and finding) generalizations for all F{/”[c1] hypersurfaces.
10This corrects the typos in the definitions of p; (z,y) and pa(z,y) in [76].
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p2(z,y) = woyd +a1y° + 2y’ Y2, = [ X1 Xo X3 Xy X5 X¢
I3 5 QY 1 11 1 0 0
s2a(e.9) = (58 +F =) /e(w)]. - @2l-3-20 0 1 1
s22(z,y) = [(J5—33—0%) f;2(z,y)]; = S o0
(38)
p3(z,y) = zoyd +a1y° + T2y Yy +asydys®, . X5 Xo X3 Xy X5 Xg
Vo o e s Q, L1100
53,1(1'711)— [(y12 v Yr  yo )//p3($ay)]> Q 2-2-10 1 1
3 A
53,2(%9) = [(x;i/502+xy21%0+;7%_5712)//p3($’ y)]a = FE(;;»LO)'
s3a(w,y) = [(BE 22T _58) s (2, y)];
(39)

The deformations (37)—(39) represent distinct but still non-Fano toric vari-
eties, with ¢ (_g‘). However, the so-constructed network of deformations
eventually leads to Fy , ;) ~r F\'s 0 = F1", which is Fano (c; > 0).

This is simpler to see in the 3-dimensional reduction of (39), obtained
by setting P4>{X,=x4=0} =P3. This data then specifies Fg(z?%,w which is
diffeomorphic to F((l‘n’io) — and which is semi-Fano, ¢; o< (§) = 0. This may
be seen from the Segré-like change of P3 x P, coordinates:

(zoyd, T1y2®, 2295 y1, T3yoyl’s vo, 1) = (€0, &1, €2, &35 m0, M), (40a)

which maps [gf H%] — [gf Hé] by changing the defining equation:

p3(2,y) = (Co+&)nd’+(E1+E)ni. (40b)

However, the Segré-like change of variables (40a) has a non-constant Ja-

cobian, det[%} = (yoy1)®, which vanishes at both “poles,” 7o=0 and

y1=0, at each of which the hypersurface {ps3(x,y)=0} has a P2CP3 hy-
perplane. There, additional (non-holomorphic but smooth) partitions of
unity /“bump-function” modifications are required to locally “repair” the
transformation (40b) into a proper F('f’il) ~R Fgf’éo) = F? diffeomorphism.
In the corresponding GLSM, this merely redefines the U(1)?-gauge symme-
try charge basis, (Q!, Q%) — (Q', Q'4+Q?), identical to the GL(2,Z) map-
ping H*(FS) ), Z) — H?(F\") 4, Z) of the Chern (curvature) classes.

In two dimensions, similarly deforming Hirzebruch’s original defining
equation [136], po(x,y) = 2oy +z1yi> as another simple example, results

in:
) p1(z,y) Tl Toys + Ty +T2ydt,
P 1
i s [em-mmm) (41)
2
sip(z,y) = [(52—55-—32) /).
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This yields the toric rendition,

(2) i
o

| X0 X X3 Xy = 0 (42)

Ql 1 10 0 X2 X3X4 X1XoX3Xs X5 X3
2
Q“1-2-11 1 X2 X‘4 ........... Ko Koy X X X4

where the stack of anticanonical monomials (42) is clearly identical to
I'(KE®) displayed on the left of Figure 2.

The above computations explicitly demonstrate that the diffeomor-
phisms such as F fi) ~r F® and F, ;3; 1y =R (131 o) are directly relevant for
providing sectlons with which to construct Calabl Yau hypersurfaces.

4.1. Two Conjectures

The foregoing analysis demonstrates that the explicitly e, ¢-parametrized
deformation family [gi’ Hr}@] of smooth manifolds (12) includes (0) the (non-

Fano for m > 3) Hirzebruch scroll F{™ at the €, = 0 center, (1) all

toric versions of Hirzebruch scrolls, Fgl ) where 7 is an n-tuple of nonnega-

tive integral twists with a constant sum of components (|m|:=>, m; =m),

(2) hypersurfaces at generic e-locations within the same e-deformation fam-

ily, [%?HM, that are diffeomorphic to their (semi-)Fano cousin, F\'() .-
This fact then prompts a sweeping extrapolation:

Conjecture 2: All toric varieties and so also their Calabi—Yau hypersurfaces
[14,15] can be found, in a similar manner, as more or less particularly chosen
(perhaps generalized) complete intersections in products of projective spaces

(6, 78-80,115,116].

All toric varieties encoded by convex, reflexive polytopes [14, 15] are
projective, i.e., can be embedded in some large enough projective space.
That they —along with their variants corresponding to the much more
general VEX multitopes— may in fact all be embedded as complete inter-
sections in products of projective spaces is far from obvious, which raises
the challenge of this sweeping conjecture.

Since generic-e members of the deformation family [IE’I;? Hgl] admit regular

smoothing of (purposefully chosen) Tyurin-degenerate Calabi—Yau hyper-
surfaces, while the e=0 “central” Hirzebruch scroll has only “un-smooth-
able” Tyurin-degenerate Calabi—Yau hypersurfaces requiring Laurent de-
formations for smoothing, we conclude that:
Conjecture 3: Laurent smoothing deformations of “un-smoothable” Tyurin-
degenerate Calabi—Yau n-folds [75] are smooth € — 0 limits of regular smooth-
ing deformations of non-degenerate (and diffeomorphic) Calabi—Yau n-folds
within the same explicit deformation family [76].
These smoothing deformations clearly need not stay within the class
and framework of (globally complex) algebraic constructions.
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As a particularly simple template for the latter conjecture, note that
the deformation family of deg{3) hypersurfaces in P2 x P! contains two par-
ticular Hirzebruch scrolls, which have rather different collections of anti-
canonical sections, collected from above in Figure 3. For ¢,, # 0, the

XPX$
2 XX [(Kse ) =TD(KL®
Xy X3 Xi F(K}(Z)) ( F(Q’l)) ( F, )
X32X 33 X2 3 X2 X83
XEXPXE  XiXoXd XXXy KiXoXe
X2Xp X X1X2X;‘X4 XENXE X XaXaXs XAX,
X12X45X1X§X4 X2 _/X1 X12X4$X1X2X42 X’2 X4
X2 /Xs
{PZ 1 5 po = Ty +T1yr 0 p1(z,y) = $0y03+3?1y13+6 T2y y1
Pl|3 . . [(Zoyo x
X1:=[(5%—3%) )/ po] X1= (25— +7%) /1]
R o x x1y1
X9 := 19 Xg = [(ﬁ_ Yo _7)//])1]
X3 :=y0, X4:=1 X3 :=y0, X4 :=1

Figure 3: Change in the system of anticanonical sections used to define the
Calabi-Yau hypersurface; the F\>-system on the left is over-complete, but
factorizes without the rational monomials.

deg{}) hypersurfaces in P2 xP! defines the complex algebraic surface with
the anticanonical monomials plotted in the upper-right section of Figure 3:
they are all regular, and their generic linear combination is transverse. As
€a0 — 0, the deg{3) hypersurfaces in P2 x P! becomes the complex algebraic
surface with the anticanonical monomials plotted in the upper-left section
of Figure 3: the generic linear combination of the regular monomials not
only fails to be transverse but clearly factorizes; only the inclusion of the
rational monomials recovers transversality. Since dim HO(Fy>, K*) = 9, the
displayed system of sections is over-complete, but also admits additional
equivalence relations [30], allowing the rational monomials to “take the
place” of some of the regular ones in constructmg Calabi—Yau hypersur-
faces. In this sense, the monomials Xo* X35 and X+ X4 on the Fano surface
F(‘<223> ~pr F* map, in the ¢, ¢ — 0 limit, to the rational monomials X#/X3
and Xo*/X, on Fi¥.

More generally and for the purposes of constructing smooth Calabi—Yau
hypersurfaces, the rational monomials on F™ for m > 3 play the role of
certain regular monomials in F%"), a sufficiently generic deformation of the

(€q,e=0) “central” F(" within the same deformation family, [IIP[ﬁ Hrln]
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4.2. Are These New?

Given the huge database of 473 800 776 reflexive polytopes, many of which
admit several distinct triangulations, each encoding a distinct toric variety
and each of which defining a (continuous) deformation family of Calabi-Yau
3-folds [14], the obvious question is whether the above-described construc-
tions offer anything new.

To this end, note that all (generalized) complete intersection Calabi—
Yau 3-folds (11) have the same Hodge numbers, but form four distinct
diffeomorphism types, (15), i.e., four distinct real (smooth) manifolds. The
first three of these are regular CICYs and so were long since known; the
last one, X{¥, does not appear to have been known. Furthermore, whereas
all (classical) diffeomorphism invariants of X® and X, agree [77], this
equivalence fails for subtler properties of H?*(X® Z) such as quantum
cohomology and the Kihler/Fayet-Illiopoulos phase space!! and so ought
to be physically distinguishable.

On the construction side, the very need to use the L’Hopital rule-like
“Intrinsic limit,” as discussed around Egs. (31)-(32), indicates a signifi-
cant departure from the otherwise three-decades standard purely algebraic
constructions in the field, and a non-algebraic nature of the so-smoothed
Calabi-Yau hypersurfaces in F™ for m > 3. Whereas the firmly algebro-
geometric recasting of such models as discussed around (33)—(35) may
prove sufficient in some sample cases or as regards some of the relevant
aspects, further evidence noted below seems to corroborate the need to
extend the framework beyond the standard complex algebraic toric geome-
try [25-30], so as to include non-convex, self-crossing, folded and otherwise
multi-layered (but still VEX [75-77]) multitopes [81-92].

Indeed, multifans and multitopes (even the VEX ones) correspond to a
class of so-called (unitary) torus manifolds [81-84] which do include com-
plex algebraic toric varieties (when its multitope is an ordinary, convex
polytope) but are incommensurately more general and abundant: Most of
(real 2n-dimensional) torus manifolds do not admit a global complex struc-
ture, nor are they algebraic varieties. However, they all admit a (maximal)
action of (S1)" — which is in 1-1 correspondence with the U(1)" gauge sym-
metry of a corresponding GLSM. In torus manifolds that are not complex
algebraic toric varieties, a complexified (S1)™ — (C*)"-action (as would be
required in a GLSM with at least (0, 2)-supersymmetry on the worldsheet)
is not integrable or is otherwise obstructed.

This reminds of the following facts [100,103,104]: (1) Worldsheet (0, 1)-
supersymmetry suffices to eliminate the stringy tachyon instability and
guarantee the existence of a finite-energy ground state; for such mawi-
mally generic models, see [93,94]. (2) Worldsheet (0,2)-supersymmetry
is required for target space supersymmetry and the complexification of the
(S1)" gauge symmetry to a complex-algebraic toric (C*)™-action. (3) String

"The distinction already shows at the “semi-classical” level of analysis [75], but is
even more evident upon including the worldsheet instanton effects [19].
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theory compactification [3,4], a priori, does not require the compact Calabi—
Yau space be an algebraic variety, nor must it be a Kahler manifold [142,
143]. (4) Since a Kéhler class is a non-degenerate symplectic 2-form twisted
by a compatible complex structure, it follows that in spaces wherein a puta-
tive Kéhler class is obstructed or otherwise defective, the symplectic and /or
the complex structure must be analogously obstructed or defective. These
observations seem to indicate:

Conjecture 4: GLSMs with worldsheet (0,1)-supersymmetry provide for
consistent superstring models, which need not have target-space supersym-
metry and so can include (asymptotically) de Sitter spacetime geometries.

Conjecture 5: Ground state spaces, Z, of such GLSMs may be modeled by
“toral” (at least (S')"-equivariant) hypersurfaces in torus manifolds, amongst
which the by now well-studied (complex-algebraic) toric constructions [17-23]
are special cases, without such defects obstructing (super)symmetry, and the
complex and symplectic (and K&hler) structures of Z.

Torus manifolds are incommensurately more abundant than complex-
algebraic toric varieties,'? and so are then these “toral” hypersurfaces as
compared to the complex-algebraic subvarieties of toric varieties. In turn,
nothing in string theory a priori requires the vacua to be complex-algebraic
varieties; our focus on those by now well familiar constructions is evi-
dently correlated with computational accessibility afforded by the under-
lying worldsheet (0,2)- and even more so (2,2)-superconformal quantum
field theories.

In apparent correspondence, the class of VEX multitopes (and embed-
dings of Calabi—Yau spaces in torus manifolds) is in fact infinitely large. It
is thus actually to be expected that the GLSMs corresponding to Laurent
defining polynomials such as (31), i.e., generic combination of monomials
on the right-hand side of Figure 2 cannot be “made regular” (and already
known) Ricci-flat models by regular variable changes. (Cox’s change of
variables (35) is neither regular nor are the resulting hypersurface Ricci-
flat; there IP’%m:S)[lO] has ¢; <0.) In turn, even with additional variables

specifically introduced to recast, e.g., (31) as a regular polynomial, one ends
up requiring U(1)"-neutral variables, which introduces non-compact direc-
tions of ground states. While I am not aware of a rigorous proof, the next
section presents indications that the inclusion of Laurent-deformed defining
equations in non-Fano toric varieties corresponds to GLSMs that cannot
be recast in that by now well-studied and familiar form [17-23], and so are
indeed new.!? Finally, note that the semi-classical “phase spaces” X" (F™)
in (26) being manifestly different for all different m corroborates this, and
implies that the corresponding GLSMs and string compactifications also
differ, and in physically relevant ways.

2Dubbed “frigid toric crystals” by Dolgachev [25, p. 100], one may well picture toric
varieties as isolated specks in a continuum of torus manifolds.
3 This line of reasoning elaborates on a discussion with Ilarion Melnikov.
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4.3. Extending Gauged Linear Sigma Models

The hallmark feature of the m > 3 models with the full complement of anti-
canonical sections (27) is the inclusion of rational monomials in the defining
equations — to which many standard methods of algebraic geometry and
cohomological algebra are straightforward to adapt [75-80]. For applica-
tions in string theory and its M- and F-theory extensions, it is desirable
to find a world-sheet field theory model with such target spaces, and so
compute semi-classical and quantum data.

For over three decades now, the standard vehicle to this end is Witten’s
gauged linear sigma model (GLSM) [17-23], where the space of ground-
states is defined as the subset of the field space where a well-specified po-
tential is minimized, at the intersection

ow - a
{=0} n {Ziqg rxﬁ—razo} n {Zabiaaabqi ¢ ra:z»P:o}. (43)

8.%'
~—~—

F-terms

D-terms o-terms

Here, W (X) is the superpotnential function of chiral (2, 2)-superfields'#, X;,
with lowest component fields x;. They couple to the twisted-chiral super-
fields, ¥, (with lowest component fields o,), with U(1)-gauge charges ¢f,
identifiable with components of the Mori vectors such as (24). Being gauge-
invariant, the superpotential W (z) is quasi-homogeneous and the vanishing

of g—‘gj implies that W (z) = 0 also. The first of these factors defines the

base-locus of the superpotential, the second factor assigns subsets of this
base-locus to specific values of (Fayet-Iliopoulos parameters) r,, while the
third factor determines the o, as depending on the r,-specified subsets of
the base-locus.

We are interested in single-hypersurface superpotentials, of the form
W(X) = Xo-f(X1,...) and with f(X) a Laurent polynomial, where some
of the monomials are rational, with some of the superfields (say X4) in
the denominator. The standard requirement for W (X) itself to be chiral is
straightforwardly satisfied:

_ _ af ,
D W(X) = f(Xi)(Da Xo) + X D4 X ), (44)
(£030) 50T 5 (23)
=0, i [f(X), XO;))‘Q‘ < 00, (45)

regardless of the possibly negative powers of some of the chiral superfields.
As long as the vacuum expectation value (vev'®) of the scalar component

' This brief discussion is limited to the simplest, (2,2)-supersymmetric case; (0,2)-
generalizations are described in the literature [20,22, 23], while the ultimate, minimally
(0, 1)-supersymmetric extensions remain largely unexplored.

5The vev of the fermionic component fields in any superfield must vanish to preserve
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of the chiral superfield X4 (appearing the denominator) does not identi-
cally vanish, the Laurent polynomial W (X) has an analytic (in fact, finite)
expansion in the fermionic coordinates. As defined in § 3.2., the “intrinsic
limit” maintains the related conditions

<X° aa)];>‘ < (46)

in all cases of interest, even when approaching putative poles of the rational
monomials in the superpotential, such as (X4) — 0. Notably, this chirality
requirement is a system of inequalities implied by the equality conditions,
f(x) =0 =0; f(x), defining the base-locus (see Ref. [139]) of the defining
function f(x). Since W(X) = Xo-f(X1,...), the vanishing of the F-terms
(defining the absolute, supersymmetric ground states) in (43) specifies

f(z) =0;

20 ((;J; 0 i1, ,n—|—2;} := base-locus of W(x)=wx¢- f(z), (47)

)

[ {(/(X))

since the conditions in the left-hand side of (47) imply the vanishing of
W (z) by homogeneity. There are two obvious (collections of) branches of
solutions to (47):

1. The “geometric phase(s)” (branch A), where (xo) = 0, so that the
gradient components (%) need not all vanish where (f(z)) does; this

is the f(z)=0 hypersurface in the complement of the base-locus of a
transverse “defining function,” f(z).

2. The “non-geometric phases(s)” (branch B), where (xg) # 0, so that
the gradient components <%> must all vanish where (f(z)) does; this
is the base-locus of a transverse f(x).

The above analysis may be extended to also accommodate non-transverse
f(z) [144]. As the ground states are defined by the vanishing of (43) and
that implies (47), the chirality condition (45) is then automatically satisfied
in the ground state. Furthermore, the chirality condition (45) will continue
to be satisfied also away from the ground state, as long as the background
values are bounded by the inequalities (46). The analogous finiteness con-
dition (45) then allows for a very wide (but correlated) range of (quantum)
fluctuations of the superfields Xy, X1,-- -, and so defines the GLSM model
as a (manifestly) supersymmetric quantum field theory in terms of a cor-
related background field expansions around the ground state; see § 4.3.2.
below.
— kkk—

Lorentz symmetry, and the vevs of the auxiliary fields must vanish to preserve super-
symmetry. It then follows that the vev of any chiral (and also twisted-chiral) superfield
is the vev of its lowest component field, (X;) = (z;).
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We now turn to discuss the space of ground states in a simple toy-model,
the X; — 1 simplification of (31):

X2
W(X):=Xo- f(X), f(X):=X5+X]+ yj)- (48)

The X; have q(Xo; X2, X3, X4) =(—5; 3,1,1) charges with respect to the

single U(1)-gauge symmetry, which indicate that (z2,xs,z4) are homoge-

neous coordinates of the weighted projective space z; € ]P’%&M), includ-

ing the standard MPCP-desingularization'® [35] of the Zs-singular point
(1,0,0) € P%Szl:l), whereupon f(z) = 0 specifies the quintic (Calabi-Yau)

hypersurface (2-torus), BI" [P%3:1:1)][5] ~c F{?; the X] — 1 simplification ef-
fectively defers this desingularization.

4.3.1. Ground States

For simplicity in discussing the ground states, let x; from now on denote
the vev of the (scalar) lowest component field in the superfield X;, not
the (quantum) field itself. We also neglect the distinction between (z)
and (z;)¢ (important though it may be in QFT in general), assume that
they are equal for all intended purposes and simply write z;*. Dropping
the (---)-brackets from vevs also avoids confusion with other uses of these
symbols, such as matrix elements as in the left-hand side of (49f), below.

The potential is a sum of positive-definite terms, each one of which (43)
must vanish in the supersymmetric ground states:

ow ?
—: Oéf(:c):x35+m45+x—2, = {f(z) =0} (49a)
Oxo T4
ow ! 0 T2 T2
0=y (p=222 2 =0}; (49b
83:2 0 0 (8IE2 1‘4)7 = {.’E4 O} Y {xo 0}7 ( ) )
ow 1 of . 4 4 _ — 0
87373.0—17() (67373_5‘%‘3)7 = {.’1:3 —O}U{xo—@}, (49C)
ow 1 Of . 4 x5 4 _ x’ M.
and ! 2 2 2 2 2
D-term : 0= —e*(3|za|* + |z3]* + 24| — 5lzo|® — 7); (49e)
!
(o]|Q*(@)]o) : 0= |ol* (9wl + w3 + |z4f* + 25|20[?), (49f)
For the algebraic system (49), and the first-stated branch of (49b) and (49d)

in particular, to be well defined, we must rely on the intrinsic limit of § 3.2.,

%The point (1,0,0) € IF’?&M) is a Zs3 singularity and is smoothed by the “maximal
projective crepant partial” (MPCP) desingularization [35]; the so-desingularized space is
biholomorphic to the Hirzebruch scroll F{.
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which is how the present analysis veers outside the otherwise perfectly cor-
responding framework of (complex) algebraic geometry. The condition (49f)
immediately implies 0 = 0 since at least one of xg, x3, x4, z2 is nonzero in
all the cases of interest!” and all the coefficients are positive.

In turn, the condition (49e) also specifies two separate branches of so-
lutions:

r > 0: The condition (49e) implies:
3lw2f? + |as|* + || = 5lao|* + 1 > 0, (50)

which precludes x9, x3, z4 from vanishing simultaneously. Projectivized by
the (complexified) U (1)-gauge symmetry, this defines {C* \ {0} }/U(1;C) =
]P%&l:l), in which (48) defines a quintic, IP’?&LDH. Since f(x) is homo-
geneous with respect to the q(ze,z3,x4) = (3,1, 1)-specified U(1;C)-gauge
symmetry, its zero-locu is well defined away from its base-locus — which is
omitted from ]P’%&l:l). With (z2, 3, 24) # (0, 0,0), (49b)—(49d) force z¢ = 0.
Then (49f) implies that: (1) the vev () =0, and (2) the mass of the field
o is Ozl + [zl + [Tl > 0. Since gedlg(z2), a(zs), g(za)] = 1, the
U(1) gauge symmetry is completely broken (U(1) — 1) at a generic point
(x9,x3,24) # (0,0,0), and U(1) — Zs at (z2,x3,24) = (1,0,0). This latter
point however does not belong to the zero-set {f(xz) = 0} C P?S:l:l)’ which

justifies (a fortiori) the deferring of the desingularization of this singularity;
see the comment just before §4.3.1.

r < 0: The condition (49¢) now implies:
0 < 3lzaf* + |23 + zal? + |r| = 5laol, (51)

which forces zp#0. But then, Egs. (49b)—(49d) limit the field-space to
the base-locus: (x3,x4,x2) — (0,0,0). Contrary to appearances, this limit
is unambiguous owing to the constraint (49d), which may be used first to

eliminate x5 — +v/5 2, reducing the system (49) to

ow 1 af 9 B o

e 0=mxg (8—@—>:|:2\/5m4> = x4=0, = x9=0; (52a)
ow ., of ] -

o 0—$0<8x3—>5l’3) = 23=0, (52b)

whereupon also f(z) — x5 + 624 = 0. This reduces the system to the
base-locus of f(z), the origin (z1,x2,z3) = (0,0,0), while (49e) fixes |zo| =

1"Exceptionally, the vev of ¢ is not forced to vanish only at the origin (zo, =3, z4, T2) =
(0,0,0,0) of all “matter” field-space; as in Refs. [17,19] this special location will not be
of interest herein.
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/—r/5 >0 and (49f) continues to force (o) =0 and sets the mass of the o

field to /5|r|. Since g(xo) = —5, the resulting value (xg) # 0 breaks the
gauge symmetry U(1) — Zs, turning the model into a Zs Landau—Ginzburg
orbifold [145,146].

r € C:  The simple toy-model GLSM (49) then interpolates between the
r > 0 and r < 0 “phases” exactly as described in Refs. [17,19], passing
“around” r =0 by way of the complex-analytic extension provided by the
full Fayet-Iliopoulos term, which complexifies the (“phase”) r-space.

4.3.2. Quantum Field Theory

The occurrence of division by the superfield X4 may be seen as preclud-
ing an application of the Laurent polynomial (48) as a superpotential in a
fully fledged (world-sheet) quantum field theory, since division by quantum
(super)fields is generally ill-defined. The previous section shows that the
ground state of the model is defined unambiguously, which then allows rely-
ing on background field expansion around any such vacuum configuration:
We expand the superfields, X; = (z;) + ®;, about their background values
(x;) (see footnote 15) and focus on the quantum fluctuations, ®;.

In the chirality condition (45), the factors Dy X and Dg X; vanish a
priori — i.e., before any restriction or constraint is imposed on the super-
fields and their component fields. It then follows that the chirality (45)
of the superpotential is preserved straightforwardly away from the location
(x4) = 0. At the location (r4) = 0, the above analysis shows that the
background (ground-state) value (z4) is also constrained and preserves the
conditions (45) throughout the ground state. It then remains to discuss
the quantum fluctuations about this background.

When >0, (x4) #0, and this background field expansion of the su-
perpotential produces a manifestly regular, well defined function of the
(quantum) fluctuation superfields ®;:

2
W(<IL’Z>+(I)Z) ‘r>0 — P <(<.C63>+(I)3)5 + (<IL’4>+(I)4)5 + m), (53)

= ®g (((x3>+‘1’3)5 + ((wa)+P4)°

L . 2 o (—1)k k
—r ((z2)+®2) 2 T <I>3>. (54)

For r <0 in turn, the condition (x3), (x3), (x4) =0 reduces

W ((z:)+®;) — (v/—r/5 +®0) (cbg + 5 + ij). (55)
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For this to remain well defined, the (quantum) fluctuation superfields should
correlate so that &4 /P4 < oo even when &4, — 0. This correlated limi-
tation of the (quantum) fluctuations in some ways reminds of to the mo-
mentum space limitation in the Wilsonian definition of an effective field
theory, wherein (modes of) fields with masses/energies higher than a spec-
ified cutoff are (formally) integrated out or otherwise eliminated. Here, the
fluctuation limitations are correlated in that the (quantum) fluctuations of
one field are limited by the magnitude of the fluctuations of another rather
than a fixed bound. In turn, this correlating limitation is an inequality and
so cannot possibly be an equation of motion. Therefore, the (quantum)
fluctuation superfields ®;, albeit correlated, are still off-shell in the usual
sense. They also define an open region of validity in the field space and so
define a feasible framework.

In addition to the correlated limitation of the (quantum) superfield
fluctuations, this description manifestly depends on the choice of the back-
ground. It may thus be desirable to find a “background-independent” for-
mulation that does not depend on presuppositions about (x;) and does not
require correlations between the (quantum) fluctuations of the various su-
perfields. There certainly exist other QFT methods of dealing with the
divergence of (55), as W (®;) itself is a chiral superfield apparently subject
to an infinite renormalization. It is also reasonable to regard a GLSM with
a Laurent superpotential (containing rational monomials) such as (48) as
merely an effective limiting model, in which case it is clearly of interest to
find the better-defined “parent” model and we briefly explore one logical
possibility to this end.

4.3.3. A Reciprocal Extension

Since X4 occurs in the superpotential (48) both with positive and negative
exponents, a simple field redefinition X4 — Z;:=1/X,4 would not eliminate
the appearance of (putative) poles. It is however possible to only replace the
instances of the fields in the denominators, leading us to consider a super-
potential (with an additional “Lagrange-Witten” superfields X _1) where
such a substitution is done only in the Laurent terms:

W= X, (X35 + X2+ X22Z4) + X _1(Z4Xy - 1). (56)

This admits a correspondingly extended action of the U(1) gauge symmetry
with charges:

(X1, Xo; Xo, X3, Xy; Z4) = (0,-5;3,1,1; —1). (57)

In the original GLSM analyses [17,19], the lowest-component field xg

in the superfield X serves as the fiber-coordinate of the 04 (5) = K%
bundle over 2" = P?S:l:l) where x; serve as homogeneous (base) coordinates.
Being uncharged, X_; has no gauge interactions, does not affect the D-term
conditions (49e), but does have Yukawa interactions with the propagating
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fields X4, Z4. In turn, X3, Z3 may be regarded as providing a base-and-
fiber coordinates for a Opo(1) sub-sector in the full model. The precise
dynamical and geometrical role of these extension variables (Z4, X_1) in the
so-extended GLSM, and the possible lifting of “intrinsic limit” specifications
required for the (z4) — 0 limit, will not be necessary here.

Treating X _1 for the moment and formally as a Lagrange multiplier,
its equations of motion'® produces the algebraic equation X, Z4 = 1, which
is manifestly a chiral equation. It may of course be solved for Z, = 1/Xy,
which reproduces the original, Laurent superpotential (48), as intended.
Thereby, the Laurent polynomial (48) is said to be “classically equivalent”
to the well defined and standard-looking superpotential (56). However, this
manifestly holomorphic superpotential function (56) can be used straight-
forwardly in any supersymmetric quantum field theory, since it is perfectly
analytic in all of the involved (super)fields.

We may verify this “classical equivalence” also in a somewhat indirect
way, which however more precisely identifies the ground-state field con-
figuration and is more directly relevant for the GLSM, by analyzing its
full potential. Also, this “classical equivalence” and its derivation is con-
ceptually similar to the standard relation between the Nambu-Goto and
the Polyakov action for strings, as well as the analogous equivalence for
point-particles [100,151].

Before we proceed however, notice that introducing the superfield Z4
causes the sum of charges (57) no longer to vanish. Consequently, the U (1)
gauge symmetry is anomalous in the extended model (56)—(57). To rem-
edy this, we may introduce a “spectator” superfield Zy with ¢(Zy) = +1
with a standard kinetic term and standard gauge interactions. This modi-
fies the D-terms (49d) and the mixed term (49f). Since the superpotential
does not become renormalized, we may (and do) choose to not introduce
Zy into the superpotential, so as to leave the F-terms in (43) and the def-
inition of the ground states unchanged. For example, the charges would
permit adding the terms «y,; Xo ZO5_k_l X3k X4l to the superpotential. The
values of ay; are protected by the non-renormalization theorems, and we
are free to choose ay; = 0; these terms are not (re)introduced by radia-
tive/quantum corrections. Desirably so: including such couplings would
put Zp on par with X3, X4, as another coordinate superfield, turning (56)
into a superpotential for f(X, Zy) EP?3;1:1;1)[5]7 which would no longer be
Ricci-flat. At this preliminary stage, we need not worry about world-sheet
gravity, i.e., interactions with world-sheet reparametrization ghosts.

BWith kinetic (D-)terms Z?:() k; [ d*0 X;X;, the superspace/superfield constrained
variation [147, Egs. (3.8.10)—(3.8.11)] and [148, Egs. (3.1.30)—(3.1.48)] produces the su-
perfield equations of motion x;D*X; = _gTW,i' If kinetic terms are induced via quantum
corrections as in Ref. [17] (regardless of X_; being uncharged) or otherwise included with
k—1 # 0, naively treating the X_; as Lagrange multipliers is incorrect in principle, but
is nevertheless an apt low-energy approximation [149,150]; foremost, it is consistent with

the subsequent analysis of the ground-state configuration.
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The Full Potential: The full potential has three separate contributions:

The F-term is derived from the superpotential, now selected to be (56),
and reads:

IF|* = |25° + 24° + 297 24‘2 (58a)

+ ‘2 T T2 24‘2 + ‘5350 x34‘2 + }5 To T4t + x4 24‘2 (58b)

2
+ ’1’0 x22 +x_1 .%'4‘ + ‘24 Ty — 1’2. (580)

For the one U(1) and with the charges given in (57), the standard D-term
contribution to the potential energy is:

1 e2 \2
53D = 5 (3laaf*+lzalHaal? = |2 =5lao 7). (584)

We introduce the effective “radial” variable 7 := r — |2q|? since |zg| does
not appear in any of the previous conditions. Finally, (49f) now becomes

(o]Q%(@)]r) = lo? (9ol +ws [*+wa+ |20+ |z +25)0f?) . (58e)

Substituting the vanishing locus of (58¢), x_1 = —x¢ x5? /x4 and z4 = 1 /14,
into (58a)—(58b) reproduces the unextended F-terms (49a)—(49d). The con-
straint (58a) may again be solved,

flx)=0 = x9= :Ei\/x4($35 + zp), (59)

assuming that x4 # 0, and then using this to define the “intrinsic limit”
of § 3.2. That is, the zero-locus of the F-terms are essentially unchanged.
However, the D-term (49e) and the mixed term (49f) do change:

0 (3\:0212 +|zs? + |x4\2) - < + 5|z +?>; (60)

|24/

1
0 2 ‘0’2 (9‘.%'2’2 + ’1’3|2 + ]x4\2 + W + ‘Zo|2 + 25‘1‘0’2). (61)

An immediate consequence of the difference between (61) and its unex-
tended analogue (49f) is that, owing to the pair of terms ]3:4|2+ﬁ, the
quantity in the round parentheses in (61) has a nonzero minimum. Thereby,

(o) = 0 and the scalar field o is massive independently of 7 and so through-
out the phase-space of the model.
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r > 0: The condition (60) implies

0< + 5|02 + 7 = 3|xo|? + |z3]? + |z4]?, (62)

|\2

and x3, %4, 2 must not vanish simultaneously. Since f(z) is transverse
and (58a) requires that f(xz) = 0, the derivatives a% for i = 1,2,3 cannot
all vanish. Then (58b)—(58¢c) force xo=0. If x4 were to vanish, (59) would
imply that so does z3, whereupon (58a) would force z3 = 0, implying
(x2,x3,74) — (0,0,0), which is prohibited by (62). Thus, the ground
states automatically avoid the putative pole at z4 — 0.

r < 0: The condition (60) now implies

~ 1
0<|x3\2+\x4|2+3\x2|2—r=| ‘2+5|x0\2 (63)

Unlike in (51) and with z3 < oo, the condition (63) does not force xg # 0
but is consistent with this; we thus have two possibilities:

1. &g = 0: The condition (22) does not force the derivatives a—f to

vanish, whereby x3, x4, x2 need not vanish simultaneously but do need
to satlsfy f(xz) = 0. This is the “geometric” branch of the ground
states, with (59).

2. g # 0: The condition (22) now does force the derivatives é% to
vanish, whereby x3, x4, 9 must vanish simultaneously in a limit that
satisfies f(z) = 0. This is the LGO branch of the ground states. In
this limit,

|!2

~ 1
= 7r=—lim (—+5\m0|2) =—00. (64)
|4

This extends the “geometric” branch of the ground states throughout the
range'® of 7, and limits to the LGO only as 7 — —oo. Recalling that
7 :=17—|20|? and that |2| remains arbitrary, the location (in r=7+|z|?)
of the transition from the “geometric” into the LGO phase as well as the
location of the “short-distance” phenomena in the original r-space remains
just as unspecified.

19 A5 explained in Ref. [17], the semi-classical approximation employed in this analysis
is really valid only for |[F] — oco. For intermediate —and especially small— values of |F],
quantum corrections are expected to significantly affect analysis.
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By avoiding the inclusion of the superfield Z; in the superpotential, its
vev remains unbounded and parametrizes a non-compact direction, pos-
sibly interpretable as a fiber coordinate over the ground-state variety de-
fined by the vevs of the other fields. Furthermore, although the super-
potential (56) remains unchanged owing to non-renormalization theorems,
the mixing/mass-term (58e) clearly involves an interaction of Zy with the
twisted chiral superfield of which o is the lowest component. That is, Zj
does not fully decouple from the dynamics of the rest of the model, and so
complicates the analysis.

To summarize, the division by a (super)field in at least one of the terms
in the Laurent monomial (e.g., with X in the denominators) of the original
superpotential (48) causes the specification of the quantum field theory with
such a potential require non-standard approach. As a remedy, we may:

1. Introduce additional superfields (Z; and X_;) with the aid of which a
Laurent superpotential such as (48) becomes a regular, chiral/complex-
analytic function such as (56).

2. The additional fields (such as Z4) however introduce a gauge anomaly,
as the sum of at least one U(1l) gauge symmetry charges no longer
cancels out.

3. The gauge anomaly may be canceled by introducing additional, “spec-
tator” superfields (such as Zj), for which however no (gauge-invariant
and so permissible) terms are introduced into the superpotential. (This
choice is admittedly ad hoc, but is protected by non-renormalization
theorems.)

4. These spectator superfields cause the ground state variety in the field
space to become non-compact, while preventing a full decoupling of
the non-compact directions.

This procedure is designed to leave the superpotential and its base-locus
essentially unchanged, but does end up changing (extending) the D-terms
and mixing terms. This extends the geometry of the ground states into
a bundle- or sheaf-like structure over the variety that was the intended
ground-state algebraic variety of the original, Laurent model.

The lack of a straightforward distinction between the two options in the
7 < 0 phase as well as the nontrivial changes (58¢) from the toy model (48)
to its “regularizing” extension (56), including the non-compact Zj included
in (58d)—(58¢), seem to indicate that either the model (56) needs further
remedial extension(s), or, more likely, the original model (48) cannot be
“regularized” by such extensions. After all, the non-convex and multi-
layered VEX multitopes described herein specify toric varieties that are by
design excluded from the standard toric geometry considerations [25-30,
152] as well as from systematic studies leading to the most comprehensive
database to date [153].

This substantial generalization from (reflexive) convex polytopes to
VEX multitopes corresponds to a need for a substantial generalization of
the GLSM and its QFT analysis. This generalization seems well motivated
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by the fascinating fact that the usual analysis can be employed neverthe-
less, with but minimal and most straightforward modifications, and we
are gratified to find that this approach continues to produce self-consistent
and coherent results for a very large class of significant generalizations
of (2,2)-supersymmetric GLSMs and their (0, 2)-supersymmetric general-
izations [17-23]. Finally, the above description may be deemed “semi-
classical,” and must be amended by incorporating world-sheet instanton
effects and other consequences of the full quantum description of GLSMs.
These topics remain to be explored.

5. A Closer Surgical Insight

As sections of the anticanonical bundle, K%, the anticanonical monomials
such as displayed in Figure 2 are generalized functions of specified U (1; C)"-
degrees, defined over the underlying torus manifold, X, and so are dual to
X (F®, F®, F® in Figure 2). Correspondingly, the so-called Newton
polytope, Ax, formed by these monomials encodes the torus manifold X
over which such monomials are well defined by means of the (trans)polar
[75-77], consisting of lattice-normals to each convex face (vertex, edge,
etc.):

050"=0:={vel’:(vu)=—1, pnecO}), VO Ax CL, (65a)

{ @1g®2;>02g91, so that

v b
(041 O3) = 05 C 90,,005] S 903 D (9;U0), 00

where L is the lattice wherein the anticanonical sections are plotted in
Figure 2, and LV is its dual. The inclusion reversing property (65b) en-
codes the assembling of the (trans)polar multitope, A = (Ax)Y, from its
individually obtained faces, §; = ©; .

Standard complex algebraic toric geometry restricts to convexr poly-
topes®® and the fans they span [25-30]. The rightmost plot in Figure 2
however indicates the need for the flip-folding generalizations, called mul-
titopes, and the multifans they span [75-77,81-88|, as depicted by the
sequence in Figure 4. The fans spanned by the so-obtained polygons Afj
indeed encode the standard m = 1,2, 3 Hirzebruch surfaces, F». But the
combinatorial operation (65) works equally well “the other way around,”
so that the (multi)fan spanned by Ag(® corresponds to a torus manifold,
VF® on the right-hand (mirror) half in the diagram (1). As long as the
polygons (Ax, A%) are convex and reflexive, both X and Y are Fano com-
plex algebraic varieties and the two transpose anticanonical hypersurfaces
Xle1) 3 Zy — Zy € Yc1] are each other’s mirror 30,35, 75].

20The 2-dimensional case of the operation (65) was called simply the dual, and 2-
dimensional VEX multitopes are generalized legal loops in Ref. [154]. The polar operation
itself “stretches back into the mists of time (David Gale, Max Dehn, Duncan Sommerville,
etc.), but reflexive polytopes have been defined by Viktor Batyrev [35],” as communicated
to me by Hal Schenck.
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O4

©1

Os4

Figure 4: The m = 1,2,3 sequence of (trans)polar pairs (Ag®2, Ap@);
note that <{®3 = <O N <1O4 accounts for the overlap — this corresponds
to the non-convexity of A% at the concave vertex 03

5.1. VEX Multitopes

The notions of multifan [81-83] spanned by a VEX multitope [75-77] gen-
eralize (and so include) the definitions of the standard fan [24-30] spanned
by a reflexive convex polytope [35], respectively:

Definition: Fans (polytopes) are flat multifans (multitopes), without mutu-
ally overlapping cones (faces). VEX multitopes (resp. reflexive polytopes)
span (are star-triangulated by) regular multifans (resp. fans) — which con-
sist of unit-degree cones, the top-dimensional of which encode smooth coordi-
nate charts covering a smooth torus manifold corresponding to the multifan
and its spanning VEX multitope.

The inclusion of non-convex polytopes and (self-overlapping and other-
wise multilayered) multitopes (as exemplified on the far right of Figure 4)
generalizes this to torus manifolds that are neither Fano nor necessarily
complex algebraic varieties [75-77,81-88]. Nevertheless, torus manifolds
corresponding to VEX multitopes (star-triangulable by regular multifans)
are smooth manifolds with maximal toric action, i.e., U(1;C)"-gauge sym-
metry such as the projective C*-scaling in Sections 2.-3. However, the
complex (and mirror-symmetrically, symplectic) structure may become ill-
defined at certain locations. A highly simplified example is the 4-sphere,
which admits no global complex structure, while (S* \ {pt.}) ~ R* ~ C?
clearly does: A single point obstructs extending the complex structure over
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all of S*. Instead, “blowing up” that one point (replacing it with S? ~ P!)
produces
St~ (SN {pt.}) UP' =~ C2UP! ~ P? (66)

which of course does admit a global complex structure. Amusingly, this one-
point obstruction to a global complex structure however does not preclude
the construction of the Dolbeault complex (at heart of superstring applica-
tions), generated by the holomorphic exterior derivative and its Hermitian
conjugate [155]. T am not aware of any higher-dimensional generalization
of this result nor of a generalization of this construction.

Polar pairs of convex polytopes such as depicted on the left-hand side
of Figure 4 both encode standard (complex algebraic) toric varieties. The
top-left polytope, A% 7, spans a simple fan consisting of four cones,

Ap@ > Xp® = {<(0;, [i+1 (mod 4))) } (67)

each of which have degree 1,?! and so encodes a smooth, C?-like chart.

These charts glue pairwise along the P! corresponding to the common é;
In turn, the bottom-left polytope, Ar®, spans a fan consisting of four
cones of varying degrees:

deg<t(©1) =3, deg<(©2) =2, deg<(O3)=1, deg<(O4)=2. (68)

These then encode, respectively, charts of the form C?/Zsz, C?/Z,, C2,
C?%/Zs. In order to glue together forming a smooth manifold, all but the
third one require (“MPCP” [35]) desingularizing blowups — encoded by
the subdividing lattice points along the base-edges, each of which corre-
sponds to an exceptional (and isolated) P!, four in total. The so-constructed
smooth toric manifold is in fact a standard complex algebraic variety, which
we denote VF®.

The top-right polytope analogously encodes the Hirzebruch surface,
F{?, via its fan, L < Ap@. The transpolar operation (65) produces
the bottom- rlght ﬂlp folded multltope Ap(®, where the orientation of the

cone <(O3) by continuity is retrograde (ClOClese) as compared to that of
the rest of the (counter-clockwise) cones: This retrograde cone <((O3) is
transpolar to the conver vertex 3 € A% 7, and its lattice—points ©93 and
©34 correspond to the rational monomials, X5 /X4 and X+*/X3, respec-

tively; see Figure 3. The vertex generators @23 and @34 encode the glueing
of this retrograde cone to the preceding and succeeding forward-oriented
cones, and this cone-orientation reversal indicates that the local chart of
<(O3) is glued in the the remaining patchwork in a ways that is not com-
patible with a global complex structure. This local chart thus contains an

2In two dimensions, this is seen easily by noting that the base-facets, 6;, 6; 1 contain no
subdividing lattice points. Also [4], the matrix obtained by stacking the cone-generating

vectors is unimodular, det [[0_;@_‘_1}] =1, which generalizes to higher dimensions.
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obstruction to a global complex structure, i.e., a defect in it — perhaps not
too different from (66), and so usable in string theory.

Explicit deformation families of generalized complete intersections such
as X\ e [Iﬁﬁ H%‘_”l] C [IE;’I H;}] contain both models diffeomorphic to stan-
dard algebraic hypersurfaces in (semi-)Fano varieties as well as the excep-
tional (central, e =0) model X{" " C F\", where F\" is not Fano, and
X" is either reducible and so singular (Tyurin-degenerate), or (non-
algebraically) Laurent-smoothed. Its transposition-mirror a la (1) is an
anticanonical hypersurface in the torus manifold, "F\", corresponding to
the flip-folded multifan spanned by Ap(™, as shown at the right in Fig-
ure 4 for n=2. The coordinate chart Us C YF\™ encoded by the cone <(Os
glues to the adjacent charts (U and Uy) in a “wrong” way (correspond-
ing to the flip-folding of <<©3 between <(©®9 and <(©4), which obstructs
the complex structure that is well defined on Fi™ . Us. Intersecting this
Us makes the mirror of X{"™" also pre-complez and its (putative) Ké&hler
metric degenerate. Homological mirror symmetry then implies that the
symplectic structure in X{"~" is analogously obstructed, making it pre-
symplectic, defining a correspondingly degenerate (pre-)Kahler metric; see
observation 6 in § 1.1. This motivates:

Conjecture 6: Fach regular, complex-algebraic Calabi—Yau hypersurface
Zy C X in a non-Fano variety is singular, while its Laurent-smoothing [75-77]
is pre-symplectic and pre-Kéhler: its (putative) symplectic form and Kéhler
metric degenerate at isolated loci. The (3)-mirror, Z, CY, is analogously
pre-complex and pre-K&hler, as is Y. The “compatible triples” of Laurent-
smoothed Calabi—Yau hypersurfaces within torus manifolds corresponding to
generic (non-convex and multi-layered) VEX multitopes are degenerate at
isolated loci, i.e., have isolated (J,w, gy )-degenerating defects.

Reid’s original conjecture [5] includes non-Kéhler (complex-analytic, but
not algebraic) Calabi-Yau 3-folds (S x S3)#" as the generic models, where
the successive conifold/extremal/geometric transitions and blowdown iter-
ations render h'! =by =0, so the symplectic 2-form (or its compatibility
with the complex structure) also degenerates. The number, N, of con-
nected copies of (9% x S3) as well as the dimension of the complex structure
moduli space may become arbitrarily large — precisely akin to Deligne—
Mumford’s “universal curve.” The foregoing discussion then aims to gen-
eralize this mirror-symmetrically, allowing the compatible triple, (J, w, gx ),
to degenerate arbitrarily far/often in both directions, and transporting the
mirror-symmetric framework (3) along. As these “defective” but smooth
manifolds are € — 0 limits of models that are diffeomorphic to standard
Calabi—Yau hypersurfaces in (semi-)Fano varieties, they should all be ad-
missible in string theory [16].

The transpolar construction (65) corresponds concave regions in a VEX
multitope to flip-folded regions in its transpolar VEX multitope. Now, a
flip-folded region in a multitope encodes local charts in a corresponding
torus manifold that contain isolated obstructions to the complex structure,



86 TRISTAN HUBSCH

e.g., Us C YF{™ | specified by the multifan spanned by the flip-folded A M
see right-hand 81de of Figure 4 for the n=2 case. It is then temptlng to
conclude that the transpolar relation corresponds this to isolated obstruc-
tions to the symplectic structure of the torus manifold corresponding to the
transpolar multitope. This however cannot be true, since AvF<n) =Apm <%
A > X, and F1V are known to be Kéhler for all (m,n), each of which
then has a compatlble triple that contains an unobstructed, non-degenerate
symplectic structure. What exactly does the mirror—symmetric complex—
symplectic correspondence at the “ground floor” of (1) and (3) imply to
the two “higher floors” in this framework, (X \ Zy) vs. (Y \ Z;) and then
K% vs. K§-, thus remain tantalizingly open.

5.2. Surgery

Toric — or at least (S1)"-equivariant “surgery” operations can be used to
relate complex algebraic toric varieties to their non-algebraic, non-complex
torus manifold generalizations [75-77,81-88]. This then equally applies
also to the Calabi—Yau hypersurfaces therein, which may intersect/contain
the so-“repaired” such special locations. In turn, this strongly reminds of
the algebraic suturing of two different solution sheets in the earliest known
exact solutions to Einstein equations [1,2], as well as the time-honored
“repairing” of singularities by replacing them with Eguchi-Gilkey patches
and their generalizations [4,97,104,122,156].

The multigon encoding of an example of such surgery is shown in Fig-
ure 5. The flip-folded multigon at far left is the same as depicted on the

identify

Figure 5: The flip-folded Newton multitope A being “repaired” by
splicing in the Newton polytope of "P?=BI'[P? /Zg] along the two P's
(dashed arrows), to produce the 2-sheeted (doubly winding) Newton mul-
titope Ap(®

right in Figures 2 and 4 and left of Figure 3, up to a GL(2;Z) “skewing”
transformation to save some vertical space and better showcase the flip-fold
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on its right. Splicing in the Newton polygon (middle) of “P? = BI'[P?/Zj]
(a desingularizing “MPCP-blowup” [35] of P?/Z3) along the two P's cor-
responding to the two 1-cones (dashed) produces the double-winding, 2-
sheeted multigon on the far right. This spans a double-winding multifan
that corresponds to a unitary torus manifold [83]. Rather evidently, every
flip-folded VEX multitope can be related in this way to a possibly multi-
winding VEX multitope without flip-folds and at least one ordinary, plain
(and reflexive) polytope.

Every (complex-algebraic) toric variety X is precisely encoded by its
Newton polytope, Ax [24-30]. If this lattice polytope has a single inter-
nal lattice point, 0, then it also encodes a polar toric variety, Y := "X, by
means of the (normal) fan, 3y, of 0-centered cones over the faces of Ax;
Yy <Ax. The face-wise transpolar operation (65) generalizes this uni-
versally to all flip-folded or otherwise multi-layered VEX multitopes and
multifans that they span [75-77]. By definition, VEX multitopes have a
single central lattice point (even if flip-folding prevents them from having
a strict interior), from which all faces are at unit lattice distance so their
transpolar images are also lattice faces.

Alternatively, the surgery in Figure 5 may be understood as a “blowout”
of the C2-like coordinate patch corresponding to the red-shaded <((©23, ©34),
with the exceptional divisor corresponding to the lattice vector ©,.?2 The
multitopes in Figure 5 evidently span multifans, which then correspond to
“dual” (transpolar) torus manifolds in this second way:

(Ap@>2):F®), ((Ap2>%):P?) and (Ap@>%):"FY),  (69)

so the unitary torus manifold VF?EQ) corresponding to the doubly-winding
multifan spanned on the right-hand side of Figure 5 is the non-complex-
algebraic “blowup” of YFL> corresponding to the flip-folded multifan spanned
on the left-hand side of that figure.

Unlike complex-algebraic toric varieties, torus manifolds are not uniquely
specified by a flip-folded or otherwise multi-layered VEX multitope. The
various studies in the existing literature [81-92] have not been developed
with mirror symmetry (1) in mind, and so do not present any choice of
additional data particularly suited to this end. A precise understanding of
the surgery in Figure 5 as well as the particular torus manifold correspond-
ing to the flip-folded multifan spanned on the left-hand side then remain
an open challenge for now.

5.3. Multiple Mirrors

The original scope of the transposition mirror construction restricts to
Landau-Ginzburg orbifolds (LGO), i.e., the zero-locus of so-called invert-
ible polynomials, f(z): These are linear combinations of N monomials in N

22The vector O, ¢ <(Og3,O34) implies that this “blowout” is not the standard
complex-algebraic blowup, but a variant that locally obstructs the complex structure.
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variables, which are transverse: df(x) and f(x) both vanish only at the ori-
gin, x =0, and the matrix of exponents in f(x) is regular [34,38,46]. Away
from the origin, this is an (/N—2)-dimensional hypersurface {f(z)=0} in

the weighted-projective space, Pé\; 1_:~1-~:qN)’ where ¢; is the integral weight

of the i variable, equal to the U(1)-charge of the corresponding world-
sheet superfield. The field-space in such models (and their geometry!) has
two distinct complete U(1)-orbits: the trivial origin (the LGO “phase”),
and the non-trivial complement (the CY “phase”). GLSMs [17,19, 20, 22]
generalize this to U(1)™ gauge groups complexified by target-space super-
symmetry to (C*)™ toric actions with a more diverse “phase diagrams”; see
for example [75] and (26).

In toric diagrams such as in Figure 4, transpose-mirror pairs of in-
vertible defining polynomials are found by choosing a particular center-
enclosing?® simplex in each of the polytopes in a transpolar pair, A C A%
and V C Ax: (1) one to define the homogeneous coordinates, z, <+ p€ A,
(2) the other defines f(x) as a linear combination of their anticanonical

. P)+1 o .
monomials, f(z) =3 ey aul],en ;Uf)“ Pt Transposition mirror symme-

try swaps the roles of these simplices: (A, V)<« (V,A).

A glance at Figure 4 reveals that all A2 have a single such simplex,
A = Span(fy, 62,04), while there are multiple choices for V.C Agp@. The
unreduced pair ( }1(2),A F(®) specifies the transposed pair:

f(m) = CL15612CL'33 —+ a2$12m43 —+ a3x22x4 —+ a4$22x3, [g 3 (2) (2):| (70&)
9(x) = biyys” + baysys’ + by’ ya + bays’ys, S00L17 (70D)

where E is the matrix of exponents: columns corresponding to the f(x)-
monomials in row-indexed z;, and vice versa for g(y). Analogously, the
unreduced pair (Ap®, Ap(?) specifies [76]:

2.5 2 5 2 2
0
—1

[N VT

(71a)
[

o Lo N
o oN

4

5 5
g(l‘) = b1y12y22 + b2y32y42 + b3% + b4yy%7

All four hypersurfaces are smooth for generic choices of the a;,b; coeffi-
cients, e.g., a1 af # az ag’ in (71a) and by® # by b b in (71b). In both cases,
rank E = 3 implies that the original transposition construction [34,38,46,50]
does not apply to the pairs (70) and (71), but does apply to judicious reduc-
tions to “3x3” subsystems, encoded by pairs of origin-enclosing simplices
found within the original pair, (4%@, Ap?).

Suffice it here to compare two sample choices from each, where in (70a)
and (7la) we simply set 1 —1 and a4 —0, and absorb the remaining
a;, bj coefficients into the coordinates. In (70b) and (71b) we correspond-
ingly set by -0 and y4— 1, and for a second simplex-reduction replace

23Requiring transverseness and a few additional technical details seem to imply that
both simplices, (A, V), must enclose the center within their strict interior [77].
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(-1,-1)— , and correspondingly write yo — 7s:

’ {filz) = 23 + 2 + zlzy = 0} € P?[3], (72a)
Zz'%,’%a%) G=(Zs: §0.3); (72b)

é ‘ {o1(y —y3 +y1 +ys'ys = 0} € Plo5)[6], (72c)
Zg: L,18), G=(Z3:100). (72d)

”_«

The “quantum”-“geometric” pair of symmetries, (@, G) and (@, é) for the
mirror, clearly distinguish this from

(z) = 2 +rsrl+oiz, =0} € P?[3], (73a)

Q=(Z3: 3,3,5), G=(Za:1,0,3); (73Db)
(y) =y +moyl’ +n5°ys =0} € PY . [4], (73c)
)

Q=(z4:113), G=(25:3.00). (73d

even though fi(x) is clearly a simple deformation of fa(x). Using the
same two simplices within Arp® paired with the analogous one in A} '
requires starting with azitrs — axtrdrs in (71a) and using the COX
coordinate y; — n; corresponding to “lowering” (—1,4) € A F{? to the non-
vertex lattice point (—1,2):

. 2
xr
AB@) =zded +al + ?i =0} € P(3,1.1)[5), (74a)

Q=(Zs: §.3.3), G=(Ze: 5.5:0);  (T4b)
: 2
sy =y 4+ TV =0} € Py, 1 5[6], (74e)
Q=(Zs: 5.4.3), G=(25:010).  (74d)

as compared with

. 2
X
Afalz) = :U33x42+m3xﬁ+x—i =0} € P10 [5], (75a)
. Q: (Z5: %7%7%)7 G= (Z4: %707%)7 (75b)
2., 4
Agaly) = v+t =0F € By 4], (750

Q=(z4:111), G=(25:1,20).  (75d)

The two distinct models, {g; =0} € P%Q:l:S)[ ] and {g2=0} € ]P’(l 1:2) [4], are
dubbed “multiple mirrors” since they are mirror models of {f; =0} and
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its explicit deformation, {f2 =0} € P?[3]; this obviously includes all other
center-enclosing sub-simplices in Ap®. All center-enclosing sub-simplices
in Ap(® then analogously specify multiple mirrors in the m =3 case. In all
cases, |Q| (i-e., |Q|) equals the degree of the simplex the vertices of which
define the Cox coordinates:

degA1o=3 deg Az 4=5 degViz=6 degVp,=4

Such constructions are clearly possible with any polar pair of reflexive
polytopes (see also [157]), as well as with their non-convex generalizations
among the transpolar pairs of VEX multitopes [76,77]:

Construction 2: Every transpolar pair of VEX multitopes, (&%, Ax), en-

codes a network of multiple mirror pairs given by all possible center-enclosing

reductions to lattice simplices (A C &%,V C Ax).
The size and variety of the so-defined network of multiple mirror pairs grow
combinatorially with the complexity of the original multitope pair.

Conjecture 7: Multiple mirrors specified by center-enclosing sub-simplex

reductions of a transpolar pair of multitopes, (4%, Ax), are special cases of

the mirror mapping (1) extended to the anticanonical hypersurfaces in the
torus manifolds corresponding to the full multifans spanned by (A%, Ax).
Notes: (5) The fact that the order of @ x G grows, unbounded, with in-
creasing m indicates that the infinite sequence of Hirzebruch scrolls, F(
and their transpolar pairs as in (1), harbor an infinite variety of Calabi-
Yau mirror hypersurfaces and string compactifications, distinguished by
the infinite variety of (@, G) symmetries. (6) The simplex-reduced models
such as (72)—(75) all involve quasi-homogeneous hypersurfaces in weighted
projective spaces, the projectivized top-dimensional orbit of the Q-encoded
C*=U(1;C)-symmetry action in the C3-like affine space of the respective
Cox coordinates. Its complement in this C3-like affine space is the ori-
gin, which is the only other orbit and also the isolated singularity of the
affine hypersurface. By contrast, in the C*-like affine space of the respec-
tive Cox coordinates in (70)—(71), both the (toric/gauge) (C*)?=U(1;C)?-
symmetry orbit decomposition and the affine hypersurface singularity lo-
cus are more complicated, so the techniques employed to date in studying
the transposition mirror construction require corresponding generalization.
(7) A flip-folded or otherwise multi-layered multifan corresponds to multiple
torus manifolds, requiring additional data for disambiguation. Refs. [75-77]
provide substantial computational evidence that a global, continuous ori-
entation data should suffice within the mirror-framework (1). This however
does not seem to match any of the structures on torus manifolds considered
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so far by mathematicians [81-92]. Finding the precise sub-class of torus
manifolds that is usable in string theory then remains an open challenge.

6. Conclusions and Outlook

This article builds on the previous works [75-77,79] to argue for a general
framework (1)—(3) for constructing mirror-pairs of compact (real 2n-dim.)
Calabi-Yau spaces, (Zf,Z,), as hypersurfaces in (real 2(n+1)-dim.) em-
bedding spaces (X,Y’). The same then framework also suggests a tentative
mirror symmetry (yet to be explored) for the pairs of complementary non-
compact spaces, (X N\ Zy,Y \ Zg), as well as for the pair of non-compact
(real 2(n+2)-dim.) anticanonical bundle total spaces, (K%, K5 ); see Con-
jecture 1 in § 1.1.

Showcasing this framework with hypersurfaces in Hirzebruch scrolls re-
veals that an infinite and varied sequence of diverse toric varieties, FY”,
may be realized as (diffeomorphic to) specific hypersurfaces in products of
projective spaces. This led to the sweeping conjecture that in fact all (com-
plex algebraic) toric varieties may be realized as (complete intersections of )
hypersurfaces in products of projective spaces, and then the Calabi—Yau
hypersurface in those as (generalized) CICYs; see Conjecture 2 in § 4.1.
This motivates four subsequent conjectures: Conjecture 3, that so-called
(algebraically) “unsmoothable” Calabi—Yau hypersurfaces in non-Fano va-
rieties can in fact be smoothed by Laurent deformations, which are them-
selves continuous limits of regular smoothings found elsewhere in the same
explicit deformation family; Conjecture 4, that general worldsheet (0, 1)-
supersymmetric GLSMs have stable target spaces that are not supersym-
metric, and so may well include de Sitter spacetime and no supersymmetry,
and Conjecture 5, that such ground-state spaces may be modeled by suit-
able hypersurfaces in torus manifolds specified by VEX multitopes.

Section 5. then builds to Conjecture 6, that generic such ground-state
spaces have “defects” of positive codimension that obstruct supersymmetry,
and the correlated “compatible triple” of complex, symplectic and Kéahler
structures of the compactification space — somewhat akin to the descrip-
tion involving (66), and Conjecture 7, that all transpolar pairs of VEX mul-
titopes, (4%, Ax), define deformation spaces of transposition mirror-pair
Calabi—Yau hypersurfaces in torus manifolds, amongst which the combina-
torially diverse network of multiple transposition mirror-pairs constructed
by various center-enclosing sub-simplex reductions of (A%, Ax) are but
isolated, special cases.

Together with the seven observations about the mirror-framework (1)
enumerated in § 1.1. and seven notes (four in § 1.1. and three more at end
of § 5.), these seven conjectures convey the main portend of this article.

In closing, one last development worth noting is the recent surge of var-
ious machine learning methods and techniques that are being vigorously
advanced to compute the Ricci-flat metrics, Yukawa couplings and curva-
ture on Calabi—Yau spaces [121-128], and most recently even the stringy,
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o/-corrected metrics [128]. These novel and burgeoning developments are
beginning to enable string theory to start delivering feasibly on the enthu-
siastic but by now already four decades old promise of string theory [158].
These methods also provide for a profoundly novel and fascinatingly promis-
ing way of analyzing the local and even global geometry of these vacuum
solutions to Einstein equations, which both verifies and is helped by mirror
symmetry [127,129].
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